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1.  INTRODUCTION 
1 .1  H is to r ica l  Sketch  o f  Band Ca lcu la t ions  
The fundamenta l  concept  under ly ing  the  band theory  o f  so l ids  i s  the  
independent  par t i c le  mode l  o f  a  c rys ta l  (1PM)  (e .g .  see  Kur tze ln igg ,  
1964)  wh ich  p ic tu res  a  s ing le  e lec t ron  to  be in  the  s ta t i c  average f ie ld  
o f  the  remain ing  e lec t rons  and nuc le i .  The 1PM p rov ides  a  conceptua l l y  
s imp le  f ramework  fo r  qua l i ta t i ve  and quant i ta t i ve  in te rpre ta t ion  o f  the  
e lec t ron ic  p roper t ies  o f  c rys ta l l ine  mater ia ls .  
P ippard  ( i960)  rev iews exper imenta l  methods  wh ich  may be  used to  
s tudy  the  e lec t ron ic  s t ruc tu re  o f  meta ls  in  te rms o f  the  IPM.  
The ca lcu la t ions  o f  the  1PM e lec t ron ic  energy  leve ls  o r  band s t ruc ­
tu re  invo lves  two prob lems.  The IPM po ten t ia l  must  be  de termined and the  
IPM Schroed inger  equat ion  must  be  so lved .  In  la te r  sec t ions  bo th  o f  these  
prob lems w i l l  be  d iscussed in  de ta i l .  The var ious  methods  wh ich  have been 
dev ised  to  so lve  the  IPM Schroed inger  equat ion ,  the  ca lcu la t ion  o f  the  IPM 
po ten t ia l ,  and descr ip t ions  and resu l ts  o f  a  number  o f  band ca lcu la t ions  
are  rev iewed by  Herman (1958)  and P incher le  (1960) .  
The o r ig ina l  methods  fo r  so lv ing  the  1PM Schroed inger  equat ion  have 
been re f ined  and genera l i zed ,  bu t  have no t  been essent ia l l y  changed.  The 
lack  o f  h igh  speed computa t iona l  dev ices  necess i ta ted  ad  hoc  ca lcu la t ions  
o f  the  IPM po ten t ia l  in  the  ear ly  band ca lcu la t ions .  The ca lcu la t ion  o f  
the  band s t ruc tu re  o f  a luminum by  He ine  (1955)  i s  regarded as  the  f i r s t  
ser ious  a t tempt  to  so lve  the  IPM se l f -cons is ten t  1 y .  
Idea l l y  a  band s t ruc tu re  shou ld  be  a  se t  o f  e lec t ron ic  energy  leve ls  
cor respond ing  to  se l f -cons is ten t  so lu t ions  o f  an  1PM Schroed inger  equat ion  
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der ived  f rom the  many-e lec t ron  Haml l ton ian ,  The usua l  Har t ree-Fock  (HF)  
equat ions  a re  an  IPM o f  th is  idea l  var ie ty .  However ,  se l f -cons is ten t  
so lu t ions  o f  the  HF equat ions  a re  ex t remely  d i f f i cu l t  to  ob ta in .  The 
p r inc ipa l  d i f f i cu l ty  i s  in  the  t rea tment  o f  the  HF exchange opera to r ,  in  
p rac t i ce  the  HF exchange opera to r  i s  rep laced by  an  approx imat ion  wh ich  
can be  t rea ted  s imp ly  and accura te ly .  In  the  few cases  where  a  ser ious  
a t tempt  has  been made to  approx imate  the  ac tua l  HF exchange opera to r  
(e .g .  see Ph i l  l i ps  1962)  the  e f fec t  has  been to  des t roy  agreement  w i th  
exper iment .  Th is  de f i c iency  in  the  HF- IPM i s  a t t r ibu ted  to  the  neg lec t  
o f  cor re la t ion  or  many-e lec t ron  e f fec ts .  Some ques t ionab le  techn iques  
have been used to  "cor rec t "  IPM approx imat ions  fo r  cor re la t ion  (P ines ,  
1963,  p .  85) ,  
Desp i te  the  fac t  tha t  the  theore t i ca l  foundat ion  fo r  the  !PM i s  no t  
par t i cu la r ly  s t rong,  cons iderab le  success  as  measured  by  agreement  w i th  
exper iment  has  been ob ta ined.  Phys ica l  i n tu i t ion  must  be  g iven  much o f  
the  c red i t .  A no tab ly  success fu l  IPM has  been the  augmented  p lane wave 
method (APW) wh ich  was invented  by  S la te r  (1937) .  The APW-IPM po ten t ia l  
i s  composed o f  spher ica l l y  symmet r ic  po ten t ia ls  w i th in  spheres  cen tered  
about  the  a tomic  nuc le i  and cons tan t  po ten t ia ls  ou ts ide  the  spheres ,  
Loucks  (1965)  der ived  a  re la t i v is t i c  vers ion  o f  the  APW-IPM,  The o r thog­
ona l  i zed  p lane wave method (Her r ing ,  19^0) ,  assuming the  convergence o f  
the  OPW expans ion ,  p rov ides  a  more  f lex ib le  representa t ion  o f  the  wave-
func t ion  than does  APW as  i t  p laces  less  res t r i c t ion  on the  po ten t ia l  and 
lends  i t se l f  we l l  to  i te ra t i ve  schemes.  The OPW method fo rmu la ted  as  a  
pseudopoten t ia1  (Aus t in ,  1962)  has  been app l ied  ex tens ive ly  (e ,g ,  see 
H a r r i s o n ,  I 9 6 3 ) .  
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1.2  Purpose o f  Th is  Work  and Summary  o f  Presenta t ion  
The p r imary  ob jec t i ve  o f  th is  work  i s  to  ca lcu la te  f rom f i r s t  p r in ­
c ip les  the  e lec t ron ic  energy  leve ls  fo r  a  non- re la t i v is t i c  1PM based on  
a  we l l -de f ined  mode l  o f  the  many-e lec t ron  sys tem.  To  accompl ish  th is  
ob jec t i ve  i t  i s  essent ia l  tha t  the  cou lomb in te ra t ion  be t rea ted  cons is t ­
en t l y  a t  a l l  phases  o f  ca lcu la t ion .  
In  Sec t ion  I  1 .1  a  mode l  o f  the  c rys ta l  i s  de f ined  wh ich  i s  essen­
t ia l l y  the  per iod ic  ex tens ion  o f  a  f in i te  c rys ta l .  The assumpt ion  i s  made 
th roughout  tha t  nuc le i  a re  f i xed  a t  the i r  equ i l ib r ium s i tes .  The cou lomb 
po ten t ia l  i s  expressed as  an  expans ion  in  p lane waves  cons is ten t  w i th  the  
per iod ic i t y  o f  the  mode l .  A l te rna t ive  equ iva len t  express ions  o f  the  
cou lomb po ten t ia l  a re  ob ta ined w i th  the  a id  o f  iden t i t ies ,  in  th is  way 
the  cou lomb in te rac t ion  i s  t rea ted  cons is ten t l y  in  te rms o f  the  bas ic  
p lane  wave expans ion .  
Idea l l y  the  resu l ts  fo r  an  IPM based on  a  rea l i s t i c  mode l  o f  the  
c rys ta l  shou ld  be  in  subs tan t ia l  agreement  w i th  exper iment .  However ,  i n  
p rev ious  a t tempts  to  ca lcu la te  e lec t ron ic  energy  leve ls  fo r  the  Har t ree-
Fock  IPM inc lud ing  the  Har t ree-Fock  exchange opera to r ,  the  resu l ts  have 
been d isas t rous  as  measured  by  agreement  w i th  exper iment .  The con t r ibu t ­
ing  fac to r  i s  genera l l y  be l ieved to  be the  lack  o f  sc reen ing  o f  the  
exchange te rm in  the  Har t ree-Fock  mode l .  Th is  re f lec ts  an  inadequacy  on  
the  par t  o f  the  Har t ree-Fock  exchange opera to r  to  cor re la te  the  mot ion  o f  
the  e lec t rons .  in  Sec t ion  11 .2  severa l  IPMs a re  proposed.  The f i r s t  i s  
the  usua l  Har t ree-Fock  IPM,  Two o ther  mode ls  a re  proposed wh ich  a re  based 
on  we l l -de f ined  mode ls  o f  the  many-e lec t ron  sys tem,  bu t  wh ich  impose 
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l im i ta t ions  on  the  e f fec t i veness  o f  the  Har t ree-Fock  exchange opera to r .  
The remain ing  te rms o f  the  Har t ree-Fock  opera to r  a re  the  same in  a l l  
mode l  s .  
In  Sec t ion  11 .3  the  t rea tment  o f  symmet ry  i n  c rys ta l  app l i ca t ions  
i s  presented  in  an t ic ipa t ion  o f  the  se l f -cons is ten t  fo rmu la t ion  o f  a  band 
ca lcu la t ion .  The LCAO and OPW methods  a re  de f ined  and b r ie f l y  d iscussed.  
The t rea tment  o f  exchange fo r  the  mode ls  ment ioned above i s  d iscussed.  
In  Sec t ion  111.2  i s  presented  the  fo rmu la t ion  o f  the  se l f -cons is ten t  
ca lcu la t ion  o f  the  e lec t ron  energy  bands  fo r  the  semiconduc t ing  Mg^Si .  
The resu l ts  fo r  the  MggSi  ca lcu la t ions  a re  presented  in  Sec t ion  111.3  
and compared w i th  exper iment  in  Sec t ion  111.4  
F ina l l y ,  in  Par t  IV  the  theory  and ca lcu la t ions  a re  d iscussed and 
eva1uated .  
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1 I  .  MANY-ELECTRON THEORY 
11 ,1  Bas ic  Concepts  and Techn iques  
I  1 .1 .1  The ex tended c rys ta l  mode l  
An  idea l  c rys ta l  may be  de f ined  w i th  respec t  to  a  la t t i ce  o f  po in ts  
in  space.  Le t  {a_ .  i  =  ] ,2 ,3 ,  be  a  se t  o f  l i near ly  independent  
"p r im i t i ve"  vec to rs .  A la t t i ce  is  the  se t  o f  po in ts  {R. (m)  ]  where  
m =  (mj  and  
R(m)  =  m^a j  +  +  ma ,  1 ,1 .1  
The components  o f  m a re  na tura l  numbers(+ / -  i n te rgers ) .  The se t  o f  po in ts  
[K(m)  
K(n i )  =  +  m^b^  +  m b  ,  1.1 ,2  
where  [ ^ .  =  '  =  1 ,2 ,3 ,  {C l^  =  ' -2^ -3 )  the  p roper ty  
tha t  
K(m)  "Mu)  =  m-n  ,  1 .1 .3  
The la t t i ce  fo rmed by  the  se t  o f  po in ts  K(m)  i s  sa id  to  be rec ip roca l  to  
the  la t t i ce  fo rmed by  the  se t  o f  po in ts  R. (m)  .  The la t te r  w i l l  be  re fe r red  
to  as  the  la t t i ce  or  space la t t i ce  and the  fo rmer  w i l l  be  des ignated  the  
rec ip roca l  l a t t i ce .  The th ree  fami l ies  o f  para l le l  p lanes ,  
^ . •X ,=  2Tth j i  =  l j 2 j3 ,  1 .1 .4  
where  h  i s  a  na tu ra l  number  par t i t ion  the  space such  tha t  the  bas ic  vo lume 
e lement  o r  e lementary  ce l l  i s  a  para l le lep iped o f  vo lume O ,  
A f in i te  c rys ta l  i s  cons idered  to  occupy  a  para l le lep iped in  space 
whose edges  a re  N^a,^  ^2-2  N^a^ .  Cons ider  [A .  =  N.a_ ; } j  1  =  1 ,2 ,3 ,  to  be 
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"p r im i t i ve"  f in i te  c rys ta l  vec to rs  in  the  same sense tha t  the  a_.  above a re  
p r im i t i ve  vec to rs .  The f in i te  c rys ta l  l a t t i ce  i s  the  se t  o f  po in ts  
i ^ (m)  =  +  m^Ag +  m^A^ .  1.1 .5  
The vec to rs  ^  wi l l  be  ca l led  f in i te  c rys ta l  la t t i ce  vec to rs .  The vo lume 
o f  the  f in i te  c rys ta l  i s  '&gAA^ .  
The f in i te  c rys ta l  cons is ts  o f  nuc le i  and  a toms wh ich  a re  conf ined  
w i th in  the  f in i te  c rys ta l  vo lume.  The s t ruc tu re  o f  the  f in i te  c rys ta l  i s  
de f ined  by  spec i fy ing  the  equ i l ib r ium loca t ion  and spec ies  o f  nuc le i  
w i th in  a  p ro to type  e lementary  ce l l .  Each e lementary  ce l l  o f  the  f in i te  
c rys ta l  con ta ins  nuc le i  o f  the  same e lements  in  the  same re la t i ve  pos i ­
t ions  as  in  every  o ther  ce l l .  The nuc le i  a re  t rea ted  as  po in t  par t i c les  
wh ich  a re  f i xed  a t  the i r  equ i l ib r ium pos i t ions .  T l ie  number  o f  e lec t rons  
in  the  f in i te  c rys ta l  i s  such tha t  the  c rys ta l  as  a  who le  i s  e lec t r i ca l l y  
neut ra l .  S ince  the  p r im i t i ve  vec to rs  o f  s imp le  compounds a re  o f  the  
-8 
order  o f  5  x  10  cm the  p r im i t i ve  f in i te  c rys ta l  la t t i ce  vec tors  must  
6 8 have N.  o f  the  o rder  10  -  10 i f  the  vo lume o f  the  idea l  c rys ta l  i s  to  
cor respond to  the  typ ica l  rea l  c rys ta l ;  
The charge  dens i ty '  o f  the  f in i te  idea l  c rys ta l  i s  g iven  by  
p (x )  =  P j^ (x )  +  Pg(x )  1 .1 .6a  
where  the  nuc lear  charge  dens i ty  i s  
Pn(> i )  =  Zg p (x  -  R( i l l , s ) )  1 .1 .6b  
- : ' 
Al l  equat ions  a re  wr i t ten  in  a tomic  un i ts  (e .g .  see Har t ree ,  1957) )  
except  tha t  energy  un i ts  a re  in  Rydbergs .  One Rydberg  equa ls  one ha l f  
a tomic  un i t  o f  energy .  (1  Ry =  .5a ,u .  =  13.605 ev . )  
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and the  e lec t ron ic  charge  dens i ty  i s  
PgCx)  =  -  2  P(% -  X; )  .  1 .1 .6c  
The po in t  vec to r  IR(m^s)  spec i f ies  the  loca t ion  o f  a  nuc leus  s  w i th  charge  
re la t i ve  to  the  la t t i ce  po in t  £ (21) .  The po in t  vec to r  21.  spec i f ies  the  
pos i t ion  o f  an  e lec t ron  in  the  f in i te  c rys ta l .  
R(m,s)  =  R(m)  -  ^  1.1 .7  
The e lec t ros ta t i c  po ten t ia l  0 (^  is  re la ted  to  the  charge  dens i ty  by  
Po isson 's  equat ion ,  
0(> i )  =  ô i tp (x )  .  1 .1 .8  
In  the  absence o f  ex te rna l  sources  the  so lu t ion  o f  Equat ion  1 .1 .8  tha t  
van ishes  a t  la rge  d is tances  i s  
0 (x )  =  2Z -  S 2 / r  1 .1 .9  
in  J  3  3  I  I  
where  ^  -  R. (m,s )  and  J l j  =  x  -  x .  .  The po ten t ia l  energy  
due to  the  in te rac t ion  o f  e lec t rons  w i th  the  nuc lear  and e lec t ron ic  
charges  i s  
Vg =  Pg(x )  dx  .  1.1 .10  
The many-e lec t ron  Hami l ton ian  fo r  the  f in i te  c rys ta l  i s  ob ta ined by  
remov ing  the  d ivergent  e lec t ron-e lec t ron  se l f -energy  te rms f rom the  po ten­
t ia l  energy  and add ing  to  th is  te rms represent ing  the  k ine t i c  energy  o f  
the  e lec t rons .  
"e  =  -  i ,m,s  +  lA  ' ' 'U  
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A fac to r  o f  1 /2  has  been inc luded in  the  e lec t ron-e lec t ron  in te rac t ion  
te rm so  tha t  these  con t r ibu t ions  to  the  energy  a re  no t  counted  tw ice .  
The exc lus ion  p r inc ip le  wh ich  was f i r s t  pos tu la ted  by  Pau l i  (1925)  
requ i res  tha t  the  many-e lec t ron  wave func t ion  be an t isymmet r ic  w i th  
respec t  to  the  In te rchange o f  any  two e lec t ron  coord ina te  ind ices .  
The Har t ree-Fock  equat ions  cons t i tu te  an  IPM in  wh ich  the  many-
e lec t ron  wave func t ion  i s  approx imated  by  a  s ing le  an t i -symmet r ized  
produc t  o f  l i near ly  independent  one-e lec t ron  func t ions .  The so lu t ion  o f  
the  Har t ree-Fock  equat ions  fo r  the  idea l i zed  f in i te  c rys ta l  invo lves  
20 
about  10  s imu l taneous  in tegro-d i f fe ren t ia I  equat ions  wh ich  must  be  
so lved  se l f -cons is ten t  1 y .  Except  i n  the  case o f  spec ia l  geomet r ies  there  
does  no t  appear  to  be any  add i t iona l  symmet ry  to  exp lo i t .  
S ince  the  prob lem as  o r ig ina l l y  fo rmu la ted  i s  comple te ly  in t rac tab le ,  
the  obv ious  th ing  to  do i s  to  s imp l i f y  the  prob lem in  such a  way tha t  the  
phys ica l  fea tu res  wh ich  a re  cons idered  most  impor tan t  a re  adequate ly  
represented  by  a  fu r ther  idea l i za t ion  o f  the  prob lem.  Probab ly ,  the  two 
most  obv ious  approaches  a re  these .  F i rs t l y ,  the  boundar ies  o f  the  c rys ta l  
may be  ex tended inde f in i te ly .  In  th is  way the  per iod ic i t y  wh ich  i s  char ­
ac te r is t i c  o f  a l l  c rys ta ls  i s  man i fes ted  by  the  Hami1  ton ian .  Second ly ,  the  
f in i te  c rys ta l  may be  decreased in  s ize  un t i l  i t  i s  jus t  a  b ig  mo lecu le .  
For  example ,  l e t  the  c rys ta l  boundary  vec to r  be  8  la t t i ce  spac ings  ins tead 
8 
of  10  la t t i ce  s  pac ings .  Ne i ther  o f  these  approaches  i s  par t i cu la r ly  
sa t i s fac to ry .  H is to r ica l l y ,  the  approach has  been to  pos tu la te  a  per iod ic  
(Born-Von Karman,  1912)  boundary  cond i t ion  on  the  Har t ree-Fock  one-e lec t ron  
func t ions .  The one-e lec t ron  func t ions  a re  requ i red  to  be invar ian t  w i th  
respec t  to  t rans la t ions  by  f in i te  c rys ta l  l a t t i ce  vec tors .  The resu l t ing  
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Har t ree-Fock  Hami l ton ian  sub jec t  to  cer ta in  res t r i c t ions  regard ing  wave 
func t ions  wh ich  t rans fo rm accord ing  to  degenera te  representa t ions  o f  
the  space g roup a re  invar ian t  w i th  respec t  to  a  11 t rans fo rmat ions  o f  the  
space g roup.  
To  requ i re  tha t  the  one-e lec t ron  func t ions  be per iod ic  seems to  be 
a  very  d ras t i c  cond i t ion .  The obv ious  imp l i ca t ion  i s  tha t  the  f in i te  
c rys ta l  has  been per iod ica l l y  ex tended.  Of  course ,  th is  has  been rec ­
ogn ized  and i s  the  bas is  fo r  much o f  theory  o f  the  e lec t ron  gas .  However ,  
i t  i s  no t  a t  a l l  c lear  tha t  the  Har t ree-Fock  equat ions  der ived  f rom the  
f in i te  c rys ta l  mode l  can  be  used in te rchangeab ly  w i th  those  der ived  f rom 
the  per iod ic  ex tens ion  o f  th is  mode l .  In  subsequent  sec t ions  th is  prob lem 
w i l l  be  inves t iga ted  in  de ta i l  f rom a  po in t  o f  v iew wh ich  cons iders  a  
many-e lec t ron  mode l  as  fundamenta l .  
The per iod ica l l y  ex tended f in i te  c rys ta l  o r  ex tended c rys ta l  mode l  
(ECM)  i s  an  in f in i te  c rys ta l .  The ECM c rys ta l  i s  de f ined  w i th  respec t  to  
the  f in i te  c rys ta l  l a t t i ce  (Equat ion  1 ,1 .5 ) .  The p ro to type  e lementary  
ce l l  o r  ECM ce l l  i s  the  f in i te  c rys ta l .  Each ECM ce l l  in  the  ex tended 
c rys ta l  i s  requ i red  to  be iden t ica l  in  every  respec t  to  the  pro to type  ECM 
ce l l .  The nuc lear  charge  d is t r ibu t ion  i s  per iod ic  in  space w i th  per iods  
a_.  ,  i  =1.2 ,3 ,  and the  e lec t ron  charge  d is t r ibu t ion  i s  per iod ic  in  space 
w i th  per iods  A , ,  i=1 ,2 ,3 .  The many-e lec t ron  wave func t ion  i s  requ i red  to  
be per iod ic  in  space w i th  per iods  A . ,  1=1,2 ,3 .  Expec ta t ion  va lues  o f  
opera to rs  a re  averaged over  an  ECM ce l l .  
The many-e lec t ron  ana logue to  the  Born-Von Karman boundary  cond i t ions  
wou ld  be  the  cond i t ion  tha t  the  many-e lec t ron  wave func t ion  be per iod ic  in  
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the  f in i te  c rys ta l  l a t t i ce .  I f  th is  approach were  taken,  the  resu l t ing  
Har t ree-Fock  1PM equat ions  wou ld  be  iden t ica l  to  the  Har t ree-Fock  1PM 
wh ich  resu l ts  when Born-Von Karman boundary  cond i t ions  a re  imposed on  
the  one-e lec t ron  func t ions  in  the  f in i te  c rys ta l  Har t ree-Fock  equat ions .  
The ECM i s  fo rmu la ted  d i rec t l y  in  te rms o f  the  charge  dens i t ies  because 
the  many-e lec t ron  Hami l ton  ran  i s  to  be  fo rmu la ted  f rom per iod ic  charge  
dens i t ies .  In  most  s i tua t ions  the  Har t ree-Fock  equat ions  fo rmu la ted  
f rom the  ECM many-e lec t ron  Hami l ton ian  and the  f in i te  c rys ta l  Har t ree-
Fock  equat ions  w i th  Born-Von Karman boundary  cond i t ions  a re  essent ia l l y  
the  same and g ive  iden t ica l  resu l ts .  However ,  i n  the  case o f  exchange 
be tween p lane waves ,  the  ECM equat ions  a re  we l l -de f ined  and the  o ther  i s  
no t ,  
S ince  the  ECM i s  per iod ica l l y  ex tended th rough a l l  space,  the  mode l  
must  ignore  any  sur face  e f fec ts  wh ich  migh t  occur  in  a  f i n i te  c rys ta l .  
However ,  the  bu lk  p roper t ies  shou ld  be  qu i te  we l l  represented  in  the  ECM.  
In  app l i ca t ions  o f  the  ECM i t  may be  necessary  to  requ i re  the  ECM 
per iod  to  be as  smal l  as  poss ib le .  The f in i teness  o f  the  ECM per iod  
w i l l  be  emphas ized  in  the  theore t i ca l  d iscuss ion .  
11 .1 .2  Genera l  symmet ry  cons idera t ions  
By the  c rys ta l  s t ruc tu re  we mean the  se t  o f  pos i t ions  o f  nuc le i  o f  
the  severa l  e lements  in  the  ECM.  These pos i t ions  a re  spec i f ied  by .po in t  
vec to rs  re la t i ve  to  some a rb i t ra ry  o r ig in  o f  coord ina tes .  A l i near  
t rans fo rmat ion  on  the  nuc lear  coord ina tes  wh ich  t rans fo rms the  c rys ta l  
s t ruc tu re  in to  i t se l f  i s  ca l led  a  symmet ry  t rans fo rmat ion .  The se t  o f  a l l  
such  symmet ry  t rans fo rmat ions  cons t i tu te  the  space g roup o f  the  c rys ta l .  
Al l  t rans fo rmat ions  wh ich  t rans la te  the  la t t i ce  by  a  la t t i ce  vec to r  
t rans fo rm the  c rys ta l  s t ruc tu re  in to  i t se l f .  The se t  o f  a l l  t rans fo rma­
t ion  o f  the  c rys ta l  s t ruc tu re  by  la t t i ce  vec tors  fo rms an  Abe l ian  sub­
group o f  the  space group o f  the  c rys ta l  ca l led  the  t rans la t ion  group.  
In  add i t ion  to  the  t rans la t ion  group the  space group a lso  may con­
ta in  e lements  wh ich  cor respond to  ro ta t ions  about  spec ia l  po in ts  in  the  
la t t i ce  ca l led  symmet ry  po in ts .  The most  genera l  fo rm tha t  a  symmet ry  
t rans fo rmat ion^  can have i s  shown in  Equat ion  1 .2 .1  
g  X = 6 X + R(m)  +  x  =  [8  |  Mm) +  z]  x  1 .2 .1  
where  g  represents  an  e lement  o f  the  space g roup wh ich  opera tes  on  the  
coord ina te  x .  The la t t i ce  i s  t rans la ted  by  a  la t t i ce  vec tor  R. (n i )  and  a  
non-pr im i t i ve  vec to r  ^  and ro ta ted  about  a  symmet ry  po in t .  The ro ta t ion  
0  may be  improper .  The magn i tude  o f  the  non-pr im i t i ve  vec to r  i s  requ i red  
to  be less  than  the  magn i tude  o f  any  la t t i ce  vec to r .  
The ECM i s  de f ined  such tha t  po in ts  in  space wh ich  a re  re la ted  by  a  
f in i te  c rys ta l  l a t t i ce  vec tor  a re  phys ica l l y  equ iva len t .  There fo re ,  on ly  
a  subset  o f  the  t rans la t ion  group need be  cons idered .  Th is  may be  fo rmu­
la ted  mathemat ica l l y  in  te rms o f  the  fo l low ing  de f in i t ion .  
2  The re la t ion  ,  congruent  modu lo  the  f in i te  c rys ta l  la t t i ce  
i s  de f ined  on  the  e lements  o f  the  t rans la t ion  group as  fo l lows:  
fo r  each pa i r  o f  t rans fo rmat ions  by  a  la t t i ce  vec tor  ^m)  j  )  
Mm)  5  )  i f  and on ly  i f  Mm) =  Mm' )  +  ^^ ( i l )  
e .g .  see Kos ter  (1957) .  
2 The congruence re la t ion  de f ined  here  i s  ana logous  to  the  de f in i ­
t ion  o f  the  congruence re la t ion  on the  se t  o f  in tegers ,  e .g .  see  
(Johnson,  1953,  p .  65) .  
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fo r  some vec to r  R^(n j  o f  the  f in i te  c rys ta l  l a t t i ce .  
The re la t ion  i s  an  equ iva lence re la t ion .  There fo re ,  the  t rans­
la t ion  group i s  par t i t ioned in to  equ iva lence se ts  by  the  re la t ion  
The number  o f  equ iva lence se ts  i s  f in i te  and equa l  to  the  number  o f  
la t t i ce  po in ts  con ta ined In  one ECM ce l l .  S ince  each t rans fo rmat ion  In  
an  equ iva lence se t  t rans fo rms the  la t t i ce  to  a  phys ica l l y  equ iva len t  
po in t  in  the  ex tended c rys ta l ,  on ly  a  representa t i ve  e lement  o f  each 
equ iva lence se t  need be  cons idered  in  d iscuss ing  the  t rans fo rmat ion  
p roper t ies  o f  the  ECM.  In  th is  sense we w i l l  re fe r  to  the  t rans la t ion  
group as  a  f in i te  group w i th  the  unders tand ing  tha t  each e lement  i s  an  
in f in i te  se t  o f  t rans la t ions  wh ich  a re  congruent  modu lo  the  f in i te  
c rys ta  1 l a t t i ce .  
The sys temat ic  t rea tment  o f  symmet ry  by  the  theory  o f  g roups  p ro­
v ides  an  inva luab le  a id  in  app l i ca t ions  to  the  quantum mechan ics  o f  
c rys ta1s .  
The bas ic  idea  mot iva t ing  the  app l i ca t ion  o f  g roup theory  to  quantum 
mechan ica l  p rob lems may be  s ta ted  s imp ly  in  te rms o f  the  fo l low ing  resu l ts  
f rom quantum mechan ics .  F i rs t l y ,  a  t ime independent  opera to r  wh ich  com­
mutes  w i th  the  t ime independent  Hami l ton lan  descr ib ing  a  quantum mechan ica l  
sys tem i s  cons tan t  i n  t ime and i s  ca l led  a  cons tan t  o f  the  mot ion  (Sch l f f ,  
1955,  p .  138) .  Second ly ,  a  se t  o f  mutua l l y  commut ing  opera to rs  (each 
opera to r  commutes  w i th  every  o ther  opera to r  in  the  se t )  possesses  a t  
leas t  one e igen func t ion  wh ich  i s  s imu l taneous ly  an  e igenfunc t ion  fo r  each 
opera to r  in  the  se t  (Mand l  ,  1957,  p .  79) .  Suppose there  to  be a  se t  o f  
opera to rs  wh ich  ind iv idua l l y  commute  w i th  the  Hami l ton lan  o f  the  sys tem.  
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but  no t  necessar i l y  w i th  one ano ther ,  and fo rm a  g roup.  The p rob lem o f  
ob ta in ing  a  max ima l  se t  o f  commut ing  opera to rs  f rom the  o r ig ina l  se t  o f  
opera to rs  i s  so lved  w i th  the  a id  o f  the  representa t ion  theory  o f  g roups .  
1 he  ECM has  been fo rmu la ted  in  such a  way tha t  a l l  g roups  wh ich  a r i se  
may be  cons idered  f in i te .  
Le t  G =  [g l  be  a  f i n i te  group o f  o rder  G° ,  A  se t  o f  l i near  t rans­
fo rmat ions  (mat r i ces)  on  a  vec to r  space S wh ich  i s  homomorph ic  to  G i s  
ca l led  a  representa t ion  o f  the  group G.  The d imens ion  o f  the  vec to r  
space ( the  car r ie r  space o f  the  representa t ion)  i s  ca l led  the  degree  o f  
the  representa t ion .  Two representa t  i  ons  [U (g )  ]  and {V(g) ]  o f  G a re  sa id  
to  be equ iva len t  i f  there  is  a  mat r i x  M such tha t  [M U(g)  M ^ } .=  {V(g) } .  
A representa t ion  i s  sa id  to  be  reduc ib le  i f  i t  leaves  invar ian t  a  sub-
space con ta ined in  S .  The mat r i ces  o f  a  reduc ib le  representa t ion  can 
be  wr i t ten  in  the  fo rm [A  B\  where  A has  the  d imens ion  o f  S , .  A mat r i x  
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i s  fu l l y  reduc ib le  o r  decomposab le  i f  the  representa t ion ' leaves  invar ian t  
two subspaces  S^  and  where  S =  +  S^ .  In  th is  case the  mat r i ces  o f  
the  representa t ion  may be  wr i t ten  in  the  fo rm /A ,  0  \  A l l  f in i te  
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g roups  a re  decomposab le .  I f  a  representa t ion  i s  no t  reduc ib le  i t  i s  sa id  
to  be i  r reduc i  b le .  
Suppose the  opera t ions  o f  a  g roup G to  be  de f ined  on  a  coord ina te  _r .  
Cons ider  a  func t ion  f^ ( r_ )  .  Let  g  f ^ (_ r )  =  f ^^g  ^ r ) .  The se t  o f  func t ions  
3  fgCr )  fo rmed in  th is  way may be  l i near ly  dependent .  Choose f rom the  se t  
a  l i near ly  independent  se t  o f  func t ions  to  fo rm a  car r ie r  space o f  
d imens ion  n  =  G° .  Th is  space may be  descr ibed  by  a  row vec to r  
f  = f ; )  .  1.2 .2  
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i t  fo l lows f rom the  cons t ruc t ion  o f  f  tha t  
g  f  = f 'D ' (g )  1 .2 .3  
where  D ' (g )  i s  an  n  by  n  mat r i x .  The se t  o f  nra t r i ces  cons t ruc ted  in  th is  
way fo rm a  representa t ion  o f  the  group wh ich  in  genera l  w i l l  be  reduc ib le .  
Suppose M to  be a  mat r i x  wh ich  decomposes  D ' (g )  in to  a  d i rec t  sum o f  
i r reduc ib le  representa t ions ,  D^(g)  +  D^ \g)  . . . .  wh ich  cor responds  to  a  
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new vec to r  space f  =  f  M .  I t  i s  ev ident  tha t  the  new vec to r  space i s  
a  d i rec t  sum o f  invar ian t  vec to r  spaces ,  f  =  f^  +  f ^  . . .  ,  cor respond ing  
to  the  i r reduc ib le  representa t ions  D° (g) ,  . . .  .  The o r ig ina l  vec to r  
space f  is  re la ted  to  the  new vec to r  space f  by  
f  = f  M .  1.2 .4  
The m- th  component  o f  f  may be  expressed in  te rms o f  f  as  
°  '  "m = a , j  1  
where  f ^  i s  the  j - th  component  o f  the  invar ian t  subspace f ^  wh ich  
cor responds  to  the  i r reduc ib le  representa t ion  a .  The row index  o f  the  
mat r i x  M has  been labe led  to  cor respond to  the  labe l ing  o f  the  components  
o f  f .  Equat ion  1 .2 .5  has  been fo rmu la ted  such tha t  the  sum over  the  
invar ian t  subspaces  may con ta in  severa l  te rms cor respond ing  to  equ iva len t  
i r reduc ib le  representa t ions .  I t  i s  c lear  tha t  we may choose M such  tha t  
the  equ iva len t  i r reduc ib le  representa t ions  wh ich  occur  a re  iden t ica l .  
A lso ,  s ince  the  group i s  f in i te  M may be  chosen such tha t  a l l  i r reduc ib le  
representa t ions  wh ich  occur  cons is t  o f  un i ta ry  mat r i ces .  There fo re ,  
Equat ion  1 .2 .5  may be  expressed as  
1 5  
f ' m  - a j  T '  ( » )  ' . 2 . 6  
where  f j " (m)  =  ^  i s  summed over  a l l  symmet ry  spec ies  
a '  equ iva len t  to  a .  I t  fo l lows tha t  any  func t ion  f ^  on  wh ich  the  opera­
t ions  o f  the  group a re  de f ined  can be  decomposed accord ing  to  the  
i r reduc ib le  representa t ions  o f  the  group as  
' o  =  a  J  f ]  •  ' .2 .7  
The func t ions  f î  o f  Equat ion  1 .2 ,7  a re  ca l led  symmet ry -adapted  func t ions .  
The e f fec t  o f  an  opera t ion  g  o f  a  g roup G on  a  symmet ry -adapted  
func t ion  f ^  i s  by  de f in i t ion  
J  
9  f ]  =  ?  (g)  1 .2 .8a  
Thus ,  
3 ''o = aj,î *1 "V®' • '.2.8b 
By mu l t ip ly ing  Equat ion  1 .2 .8b  by  D^^(g  ' )  and summing the  resu l t ing  
express ion  over  the  e lements  o f  the  group we ob ta in  
i  '>pq(s" ' )  ' o  =  ' î [g  "pq '®" ' '  ' -Z -Gc 
The b racke ted  te rm in  the  r igh t  member  o f  Equat ion  1 ,2 .8c  i s  s imp l i f ied  
by  the  o r thogona l i t y  re la t ion ,  
i  Opq(9 ' ' )  Gp,J  ®a,b  
where  i f  a  =  b ,  the  i r reduc ib le  representa t ion  mat r i ces  must  be  iden t ica l  
The degree  o f  the  i r reduc ib le  representa t ion  a  i s  n^ .  There fo re ,  
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< = 'pq f .  -  ^  C  (S") 9 ' o  
The opera to r  de f ined  by  Equat ion  1 ,2 .10  appears  to  be  a  p ro jec t ion  
opera to r  s ince  i t  se lec ts  f rom the  func t ion  f ^  tha t  component  wh ich  
t rans fo rms accord ing  to  the  q - th  co lumn o f  the  i r reduc ib le  representa t ion  
b .  An examinat ion  o f  the  p roper t ies  o f  P^^  revea ls  tha t  in  genera l  i t  i s  
no t  a  p ro jec t ion  opera to r  in  the  accepted  sense.  
Cons ider  the  e f fec t  o f  an  opera t ion  g  o f  the  group on  P^^  ,  
^ '  Ï  C  -
There fo re ,  by  compar ison  w i th  Equat ion  1 .2 .8b  the  opera to rs  P^^  w i th  
index  p  f i xed  produce func t ions  wh ich  when used as  a  car r ie r  space 
reproduce the  i r reduc ib le  representa t ion  f rom wh ich  the  opera to rs  were  
der ived .  The row index  p  o f  P^^  may be  chosen to  cor respond to  any  row 
o f  the  representa t ion  mat r i ces  (g )  .  The produc t  o f  two opera to rs  
i s  p q  
^ rs  =  ^ r ,«p ,s»c ,b -
The opera to rs  
=  C  = ^  C  (g- ' )  9  1 .2 .13  
have the  p roper ty  tha t  
The symmet ry  decompos i t ion  o f  a  func t ion  f ^  (Equat ion  1 .2 .7 )  can  be  
expressed in  te rms o f  the  opera to rs  P^  as  
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= a !m 
A d i rec t  p roo f  o f  Equat ion  1 .2 .15  fo l lows immedia te ly  f rom the  or thogon­
a l i t y  re la t ion  fo r  the  charac te rs^ ,  
x ! *  X*  -  1.2 .16a 
where  Cj^  i s  the  number  o f  e lements  in  c lass  k .  Equat ion  1 .2 . l6a  
spec ia l i zed  to  the  case where  k  i s  the  c lass  o f  the  iden t i t y  E,  i s  
I  n X;*  =  6 .  1.2 .16b 
a  a  J  t,j 
There fo re ,  
C  -  ^  a!m "a  C  ,.2 . ,6c  
Other  reso lu t ions  o f  the  iden t i t y  shou ld  be  poss ib le  fo r  the  opera to rs  
Ppq .  However ,  except  fo r  the  t r i v ia l  case  wh ich  i s  equ iva len t  to  
Equat ion  1 .2 .16c  i t  i s  no t  c lear  how th is  can be  done.  
The ad jo in t  T  o f  a  l i near  opera to r  T  i s  de f ined  by  
(T f , ,  fg )  =  ( fp  T"*"  f g )  =  J  f ^ *  T"^  f ^  d r  1 .2 .17  
where  f ^  and f ^  a re  a rb i t ra ry  func t ions  wh ich  l i e  in  the  vec to r  space fo r  
wh ich  the  opera to r  T  i s  de f ined .  The ad jo in t  o f  an  opera to r  i s  
Cm"  = C '  •  
There fo re ,  the  opera to rs  have the  p roper t ies  o f  p ro jec t ion  opera to rs .  
^XÎ  =  ^  (g . )  where  g .  i s  an  e lement  o f  the  group and o f  the  J  m mm »  f  
c lass  j  .  
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P® =  p f  6  6  ,  and  =  P® .  
m n  m m,n  a ,b  m m 
Cons ider  the  mat r i x  e lement ,  
f , '  »  Pm'n  V  = " l  '  « Cm'  9  Vn «a,b  '  
where  H i s  some opera to r  wh ich  i s  invar ian t  w i th  respec t  to  opera t ions  by  
e lements  o f  the  group.  The cor respond ing  equat ion  fo r  the  p ro jec t ion  
opera to rs  i s  
(Pm f , '  "  F» f ; )  =  ( f , '  "  fz )  Sm.n  «a .b  '  
The p ro jec t ion  opera to rs  cons t i tu te  a  max ima l  se t  o f  commut ing  
opera to rs  fo rmed f rom the  e lements  o f  the  group.  Thus ,  the  prob lem wh ich  
was o r ig ina l l y  s ta ted  has  been so lved .  However ,  a  new prob lem has  been 
ra ised .  I s  i t  pre fe rab le  to  fo rm symmet ry -adapted  func t ions  w i th  the  p ro­
jec t ion  opera to rs  P^  o r  w i th  the  opera to rs  P^ ,  (m '  f i xed)?  In  e i ther  
m ^  m 'm 
case the  symmet ry -adapted  func t ions  a re  e igenfunc t ions  o f  the  p ro jec t ion  
opera to rs  and the  quantum mechan ica l  p rob lem i s  so lved  in  th is  respec t .  
I f  the  opera to rs  P^^^  a re  used to  fo rm symmet ry -adapted  func t ions ,  
then  the  t rea tment  o f  degenera te  representa t ions  i s  s imp l i f ied .  Equat ion  
1 .2 .19a shows tha t  mat r i x  e lements  o f  a  symmet ry  invar ian t  opera to r  com­
pu ted  fo r  d i f fe ren t  co lumns o f  the  i r reduc ib le  representa t ion  a re  iden t ica l  
(They  a re  zero  i f  P^ . f ,  o r  P^ . f .  i s  zero . )  A lso ,  the  t rans fo rmat ion  
m 1 m '  2  '  
proper t ies  o f  symmet ry -adapted  func t ions  de f ined  in  th is  way a re  we l l -
de f ined  (Equat ion  1 .2 .11) .  The car r ie r  space can  a lways  be  spanned by  
l i near ly  independent  func t ions  fo rmed w i th  P^ ,  . ,  P^ .  ,  etc .  
'  m'm' '  m 'm '  
On the  o ther  hand i f  the  p ro jec t ion  opera to rs  P^  a re  used to  fo rm 
m 
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symmet ry -adapted  func t ions ,  then  i t  i s  ev ident  tha t  the  car r ie r  space can  
be  spanned by  the  symmet ry -adapted  func t ions .  However ,  i n  genera l  the  
i r reduc ib le  representa t ions  o f  the  group ob ta ined f rom these func t ions  
w i l l  no t  be  the  same as  the  i r reduc ib le  representa t ions  f rom wh ich  the  
p ro jec t ion  opera to rs  were  de f ined  (Equat ion  1 .2 .11) .  In  se l f -cons is ten t  
ca lcu la t ions  ( the  so lu t ions  o f  the  Schroed inger  equat ion  a re  used to  
cons t ruc t  the  Schroed inger  equat ion)  i t  i s  essent ia l  tha t  the  t rans fo rma­
t ion  proper t ies  o f  the  so lu t ions  be known.  Thus ,  the  p ro jec t ion  opera to rs  
do  no t  seem to  be su i tab le  fo r  symmet ry -adapt ing  the  bas is  func t ions .  
Suppose the  e igenfunc t ions  o f  a  symmet ry  invar ian t  Hami l ton ian  
opera to r  to  be  approx imated  by  a  l i near  combina t ion  o f  the  component  
func t ions  o f  a  car r ie r  space o f  the  group.  The component  func t ions  may 
be  chosen to  be symmet ry -adapted  func t ions ,  fo rmed e i ther  w i th  the  
opera to rs  ,  w i th  m'  f i xed  fo r  each i r reduc ib le  representa t ion  a  o r  w i th  
mm 
the  p ro jec t ion  opera to rs  cons t ruc ted  f rom the  same i r reduc ib le  repre­
senta t ion .  In  genera l  the  component  func t ions  w i l l  no t  be  the  same.  In  
the  absence o f  acc identa l  degeneracy  the  e igenfunc t ions  wh ich  resu l t  f rom 
a  Ray l  e igh-R i  t z  var ia t iona l  ca lcu la t ion  w i l l  be  iden t ica l  (w i th in  a  phase 
fac to r ) .  S ince  the  t rans fo rmat ion  p roper t ies  o f  the  ind iv idua l  components  
o f  the  e igenfunc t ions  wh ich  a re  expressed as  l inear  combina t ions  o f  the  
symmet ry -adapted  func t ions  fo rmed w i th  opera to rs  P^ ,  a re  known,  the  
m'm '  
e igenfunc t ions  expressed as  l inear  combina t ions  o f  e i ther  se t  o f  symmet ry -
adapted  func t ions  must  t rans fo rm in  the  same way (w i th in  a  phase fac to r ) .  
There fo re ,  the  e igenfunc t  ions  o f  a  symmet ry  invar ian t  Hami l ton ian  opera to r  
a re  symmet ry -adapted  func t ions  wh ich  when used to  fo rm a  car r ie r  space 
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reproduce the  i r reduc ib le  representa t ions  (w i th in  a  phase fac to r )  f rom 
wh ich  the i r  symmet ry -adapted  component  func t ions  were  der ived .  E i ther  
the  opera to rs  o r  P^  may be  used to  fo rm symmet ry -adapted  component  
func t  i  ons .  
As  an  example  o f  the  p ro jec t ion  opera to r  fo rma l ism we cons ider  the  
t rans la t ion  group o f  the  ECM.  Th is  i s  a  f i n i te  group in  the  sense d is ­
cussed p rev ious ly .  S ince  the  ECM t rans la t ion  group i s  an  Abe l ian  group,  
a l l  i r reduc ib le  representa t ions  a re  one-d imens iona l .  A  car r ie r  space i s  
fo rmed f rom any  func t ion  wh ich  i s  unchanged by  a  t rans la t ion  o f  a  f in i te  
c rys ta l  l a t t i ce  vec to r .  The p lane waves ,  PWjk(m))  a re  an  example  o f  a  
comple te  se t  o f  o r thonormal  func t ions  each o f  wh ich  fo rms a  car r ie r  space 
fo r  the  ECM t rans la t ion  group,  
PW,k(m))  .  =  exp(  i l< (m)  •£ )  1 .2 .20  
where  i s  the  vo lume o f  an  ECM ce l l  and the  i< (m)  a re  vec to rs  wh ich  a re  
rec ip roca l  to  the  f in i te  c rys ta l  l a t t i ce ,  
k(m) = m^l^ + + m^B^ . 1.2.21 
The primitive finite crystal reciprocal lattice vectors JB., i = l,2,3, a re 
B.  =  2nn^^  A .aA j^  .  1.2 .22a 
1 
I f  t h e  E C M  p e r i o d s  N . ,  i = l , 2 , 3 ,  a r e  t a k e n  t o  b e  N  =  "  ^ 2  "  ^ 3  '  
Bj = 2^(Nn^)"^ a.Aa^ . 1.2.22b 
A p ro jec t ion  opera to r  fo rmed f rom a  p lane wave representa t ion  o f  the  
ECM t rans la t ion  group has  the  fo rm 
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P( l< ( jn ) )  = ^  exp[ ik (m)  •R(n) ]T(n)  1 .2 .23  
where  i s  the  o rder  o f  the  ECM t rans la t ion  group and T(n)  represents  
a  t rans la t ion  opera to r  wh ich  cor responds  to  a  t rans fo rmat ion  by  a  la t t i ce  
vec to r  ^ (û . )  .  
From Equat ion  1 .1 .3  < t  fo l lows tha t  the  p ro jec t ion  opera to r  
P( i< (m)  +  K(m'  )  )  =  P(k (m))  1 .2 .24  
where  JK(m' )  i s  any  rec ip roca l  la t t i ce  vec to r  (Equat ion  1 .1 ,2 ) ,  Thus ,  i n  
the  sense o f  Equat ion  2 .2 .24  a  per iod ic i t y  has  been induced in  the  
rec ip roca l  la t t i ce  o f  the  c rys ta l  by  the  spa t ia l  per iod ic i t y  requ i red  in  
the  ECM.  The i r reduc ib le  representa t ions  o f  the  ECM t rans la t ion  group 
a re  comple te ly  spec i f ied  by  the  inequ iva len t  ( in  the  sense o f  Equat ion  
1 .2 ,24)  J<-vec to rs  con ta ined in  the  reg ion  o f  k -space sur round ing  the  
o r ig in  (J<=0)  and  bounded by  the  po lyhedron  ( the  f i r s t  Br i l l ou in  zone)  
fo rmed by  the  enve lope o f  the  p lanes  l /2K(m)  =  i<-K( rn )  i n  k -space wh ich  
a re  neares t  the  o r ig in .  The inequ iva len t  J<-vec to rs  con ta ined in  the  
f i r s t  Br i l l ou in  zone a re  ca l led  reduced ]< -vec to rs .  
The p ro jec t ion  opera to r  fo r  the  ECM t rans la t ion  group (Equat ion  
1 .2 ,23 )  can a lso  be wr i t ten  as  
P(k (m))  =  exp(  i k (m)  -_ [ )  Pg(k (m) , r }  1 .2 ,25a 
where  
Pg(k (m)  ^  exp [ ik (m) .  (R. ( j i )  -  £ ) ]  T(n_)  .  1.2 .25b 
The opera to r  Pg has  the  proper ty  tha t  
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Kn) Pg(i<(in)j,£) = Pg(l<(m) . 1.2.26 
There fo re ,  any  t rans la t ion  symmet ry -adapted  func t ion  can be  wr i t ten  in  
the  B loch  (1929)  fo rm,  
e x p ( i l s . ( m ) - j : )  1 . 2 , 2 7  
where  u(_k(m)  ,_ r )  d isp lays  the  per iod ic i t y  o f  the  la t t i ce .  
Cons ider  the  t rans fo rmat ion  o f  a  B loch  func t ion  by  the  t rans fo rma­
t ion  g  =  {9  I  j : }  ,  
9 =  exp( i l< (m ' )  •£ )  u ' ( j< (m) , r )  ,  1.2 .28a 
where  
k (m ' )  =  8  k(m)  1 . 2 . 2 8 b  
and 
u ' (i<(j]l) jJl) = exp(-ij<( rn ' ) -x) g u(k (m)  , _ r )  .  1.2 .28c  
Thus ,  the  t rans fo rmed B loch  func t ion  i s  a  B loch  func t ion  wh ich  t rans fo rms 
accord ing  to  the  i r reduc ib le  representa t ion  o f  the  t rans la t ion  
group.  
Suppose to  be an  e igenfunc t  ion  o f  a  space g roup invar ian t  
Hami l ton ian .  Then the  se t  o f  func t ions  g  * , /  \  =  è , /  , \  fo r  a l l  
^  Mm'  )  
t rans fo rmat ions  g  con ta ined in  the  group w i l l  a lso  be e igen func t ions  o f  
the  Hami l ton ian  w i th  the  same e igenva lue .  I f  a l l  the  representa t ions  
[J iCn i ' )  ]  a  re  inequ iva len t ,  the  reduced k -vec to rs  i< (m ' )  a re  ca l led  genera l  
po in ts .  i f  the  representa t ions  [ k (m ' ) ]  may be  decomposed in to  se ts  o f  
equ iva len t  representa t ions ,  the  reduced k -vec to rs  J<(m' )  a re  ca l led  
spec ia l  po in ts  o r  symmet ry  po in ts  in  k -space.  The se t  o f  opera to rs  
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which  t rans fo rm a  representa t ion  J<(m)  i n to  equ iva len t  representa t ions  
J<(m' )  fo rm a  g roup ca l led  the  group o f  the  reduced k -vec to r  J<(m)  .  An 
e f f i c ien t  t rea tment  o f  spec ia l  symmet ry  i n  te rms o f  the  p ro jec t ion  
opera to r  fo rma l ism i s  descr ibed  in  Append ix  A .  
11 .1 .3  The c rys ta l  po ten t ia l  
The f i r s t  s tep  toward  ob ta in ing  the  ECM many-e lec t ron  Hami l ton ian  
i s  the  der iva t ion  o f  the  po ten t ia l  due to  the  ECM charge  d is t r ibu t ion .  
The procedure  wh ich  was used to  der ive  the  po ten t ia l  in  the  case o f  the  
f in i te  c rys ta l  does  no t  app ly  to  the  ECM because the  ECM charge  d is ­
t r ibu t ion  is  o f  in f in i te  ex ten t  and per iod ic .  
The ECM po ten t ia l  (?  w i l l  be  requ i red  to  sa t i s fy  the  fo l low ing  
cond i  t  i  ons ;  • 
(  1 )  -V^  0  =  8 j t  p  ( j ^ )  1  .3 .1a  
(2 )  0 { r )  =  0 ( j :  +  R^(m))  1 .3 .1b  
(3 )  ^  f  0 ( r )  d^  =  0  .  1 .3 .1c  
Q f  
The f i r s t  cond i t ion  requ i res  0  to  be  a  so lu t ion  o f  Po isson 's  equat ion .  
The second cond i t ion  requ i res  0  to  be per iod ic  w i th  respec t  to  t rans fo rma­
t ion  by  a  f i n i te  c rys ta l  l a t t i ce  vec to r .  The las t  cond i t ion  requ i res  the  
average va lue  o f  the  po ten t ia l  over  an  ECM ce l l  to  be zero .  The th ree  
cond i t ions  comple te ly  spec i fy  the  po ten t ia l .  
Cons ider  the  f in i te  c rys ta l  la t t i ce  w i th  p r im i t i ve  vec to rs  ]  
( i  =  l ,2 ,3 )  and rec ip roca l  la t t i ce  pr im i t i ve  vec to rs  { ^ .  ]  (1  =  1 ,2 ,3 ) .  Le t  
the  charge  d is t r ibu t ion  in  each ECM ce l l  cons is t  o f  a  s ing le  de l ta -
func t ion  charge  dens i ty  and a  neut ra l  i z ing  un i fo rm charge  dens i ty .  
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p( l )  =  % [6 ( r ,  -  J l j  -  R.^ (m) )  -  1 .3 .2a  
The expans ion  o f  the  charge  dens i ty  in  te rms o f  p lane waves  (Equat ions  
11 .1 .2 .20 ,  21 ,  22)  i s  
ô ( l )  =  ^0  -(J l -J l i )  1 .3 .2b  
where  i s  the  pos i t ion  vec to r  o f  the  po in t  charge  re la t i ve  to  a  
la t t  i ce  s i te .  
A par t i cu la r  so lu t ion  o f  Po isson 's  equat ion  fo r  the  charge  dens i ty  
g iven  by  Equat ion  1 .3 .2b  i s  
0 ( l ] )  =  m5o '  exp i  l<(m)  •  ( j l - j l ,  )  .  1 .3 .3  
Th is  po ten t ia l  sa t i s f ies  the  cond i t ions  o f  Equat ions  1 .3 .1 .  The ECM 
po ten t ia l  may be  ob ta ined by  superpos ing  con t r ibu t ions  in  the  fo rm o f  
Equat ion  1 .3 .3  due to  the  po in t  charges  and neut ra l i z ing  un i fo rm charge  
con ta ined in  an  ECM e lementary  ce l l .  The par t i cu la r  so lu t ion  based on  
the  charge  dens i ty  o f  Equat ion  1 .3 .2a  i s  
-  P L r , )  =  g  2  +  V g g  K 3 . k  
where  R^(m)  i s  a  c rys ta l  l a t t i ce  vec tor  and =  J1 "  £ ]  ~  &^(m)  .  The 
te rm represents  the  po ten t ia l  due to  the  neut ra l i z ing  un i fo rm charge .  
I t  may be  represented  by  
^BG ~  "^1  " "12  ^ -2  •  1 .3 .5  
I t  i s  ev ident  tha t  th is  i s  jus t  the  negat ive  o f  the  average va lue  over  
the  un i t  ce l l  o f  the  f i r s t  te rm in  Equat ion  1 .3 .4 .  Thus ,  Equat ions  1 ,3 .1  
a re  a lso  sa t i s f ied  by  the  po ten t ia l  o f  Equat ion  1 .3 .4 .  
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Since  the  c rys ta l  i s  neut ra l  the  con t r ibu t ions  to  the  po ten t ia l  f rom 
the  background charge  w i l l  cance l  when the  con t r ibu t ions  f rom the  
nuc lear  and e lec t ron ic  charges  a re  superposed to  fo rm the  ECM po ten t ia l .  
The background charge  has  been in t roduced in  th is  d iscuss ion  so  tha t  
express ions  fo r  the  po ten t ia l  sa t i s fy ing  the  cond i t ions  o f  Equat ion  1 .3 .1  
migh t  be  ob ta ined fo r  e i ther  nuc lear  o r  e lec t ron ic  charges .  In  th is  way 
cer ta in  d i f f i cu l t ies  in  the  t rea tment  o f  Har t ree-Fock  1PMs a re  an t ic ipa ted  
and avo ided.  
11 .1 .4  La t t i ce  sums 
In  Sec t ion  11 .1 .3  a l te rna t ive  express ions  were  ob ta ined fo r  the  
po ten t ia l  due to  a  per iod ic  a r ray  o f  po in t  charges  neut ra l i zed  by  a  
un i fo rm background charge .  Equat ion  1 .3 .^  has  the  fo rm o f  a  la t t i ce  
sum.  
= I 2 r , ; '  +  Vgg 1 .3 .4  
i t  i s  imposs ib le  to  eva lua te  d i rec t l y  the  po ten t ia l  a t  a  po in t  f rom 
Equat ion  1 .3 .4  or  the  a l te rna t ive  express ion ,  
0 ( j : j  )  =  s  8 j t  (n^  k (m)^ )  ^ exp  i k (m)  . (_ r -_ r^ )  .  1 .3 .3  
Th is  p rob lem was so lved  by  Ewald  (1921) .  Ewald  was ab le  to  rewr i te  
Equat ion  1 .3 .3  as  a  convergent  sum in  rea l  space p lus  a  convergent  
sum in  rec ip roca l  space.  A  s imp ler  der iva t ion  due to  Ewald  and Shock ley  
(K i t te l j  1963,  p .  571)  wh ich  emphas izes  the  phys ica l  con ten t  o f  the  Ewald  
method is presented carefully by Slater and DeCicco (1963). 
The fo l low ing  approach i s  a  genera l i za t ion  o f  the  Ewald  scheme.  
Cons ider  the  iden t i t y  
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I  2 fsr (3 ' r ,m)  ' im '  |  ^ 
1.4 .1  
where  fg^ (a , r )  I s  a  func t ion  o f  the  parameter  a  and var iab le  r .  The 
on ly  requ i rement  tha t  i s  p laced on f ^^  i s  tha t  the  Four ie r  t rans fo rm o f  
fg^ (a , r ) / r  be  we l l -behaved and tha t  the  p lane wave expans ion ,  
^  2 fg | . (a , r^J  r^ ' J  =  ^  c(a  ,k (m)  )  exp(  i j< ( rn )  •  ( l  -  r^  )  ,  1.4 .2  
be  convergent .  The p lane wave expans ion  coe f f i c ien ts  a re  
c (a ;k )  =  '  Jexp( - i k ' x )  2  f ^^ (a . ,x )  x  ^ dx  .  1.4 .3  
By inser t ing  Equat ion  1 .3 .3  fo r  0f (_ r )  and  Equat ion  1 .4 .2  fo r  the  sum 
o f  f ^^  in  the  bracke ted  te rm in  Equat ion  1 .4 .1  we ob ta in  an  express ion  
fo r  0 ( r3  wh ich  has  the  fo rm o f  an  Ewald  la t t i ce  sum,  
= i  ^  ' ' im '  +  ' • ' ' •5^  
+  1^0  exp  ik (m)  . (2  -  j i ^  )  
where  
and 
C(a jO_)  =  -  l im i t  c (a , j< )  1 .4 .5b  
k  _  0  
C(a ,k )  =  8 i t ( f2 ,  k^ )  ^ -  c (a , j ^  1 .4 .5c  
The Ewald  resu l t  i s  recovered  i f  we choose 
=  1 -  e r f (a r )  =  e r fc (a r )  =  2tc  ^  J  exp( - t ^ )d t  .  1.4 ,6  
27 
The use fu lness  o f  a  pa r t i cu la r  fo rm o f  Equa t ion  1 .4 .5a  depends  on  
the  app l i ca t ion  fo r  wh ich  i t  i s  in tended .  The  e f f i cacy  o f  the  Ewa ld  
method  fo r  ca lcu la t ing  a  pe r iod ic  po ten t ia l  a t  a  po in t  i s  no t  ques t ioned .  
I n  Tab le  1  a re  l i s ted  the  re levan t  paramete rs  fo r  two  cho ices  o f  s imp le  
ana ly t i c  func t ions  f ^^  fo r  wh ich  the  convergence  o f  bo th  se r ies  i n  
Equa t ion  1 .4 .5a  i s  improved  apprec iab ly  over  tha t  o f  the  o r ig ina l  se r ies  
(Equa t ion  1 .3 .3 ) .  Ev iden t l y ,  the re  a re  ve ry  few s imp le  func t ions  wh ich  
have  th i s  des i rab le  p roper ty .  
Tab le  1 .  Genera l i zed  l a t t i ce  sum paramete rs  
f ^^ (a , r )  n^C(a ,J<)  G^C(a ,C j  
e r f c (a r )  =  2  f  e  d t  
i r  
exp( -a  r )  
By  cons t ruc t ion  the  po ten t ia l  i n  the  fo rm o f  Equa t ion  1 ,4 .5a  i s  
independen t  o f  the  paramete r  a .  The  two  examp les  l i s ted  in  Tab le  1  have  
the  p roper ty  tha t  fo r  sma 11  va lues  o f  the  paramete r  a  the  po ten t ia l  
approaches  the  fo rm o f  the  po ten t ia l  o f  Equa t ion  1 .3 .4  and  fo r  l a rge  
va lues  o f  the  paramete r  a  the  po ten t ia l  approaches  the  fo rm o f  the  
po ten t ia l  o f  Equa t ion  1 .3 .3 .  
&  exp( -k^ /4a^ )  -27 t /a^  
&T a^ /  k^Ca^+k^ )  -8 i t /a^  
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11 .2  Many-E lec t ron  Equa t ions  
11 .2 .1  The  ECM many-e lec t ron  Hami l ton ian  
S ince  each  e lementa ry  ce l l  o f  the  many-e lec t ron  c rys ta l  l a t t i ce  has  
been  cons t ruc ted  in  the  same way^  the  p roper t ies  o f  the  sys tem a re  com­
p le te l y  desc r ibed  i n  te rms  o f  a  s ing le  ECM ce l l .  The  po ten t ia l  energy  
con t r ibu t ion  to  the  many-e lec t ron  Hami l ton ian  fo r  a  s ing le  ECM ce l l  
cons is ts  o f  the  po ten t ia l  energy  due  to  the  in te rac t ion  o f  the  e lec t rons  
i n  s ing le  ce l l  w i th  a l l  the  o ther  charges ,  e lec t ron ic  and  nuc lea r ,  i n  
the  ex tended  c rys ta l .  
The  many-e lec t ron  Hami l ton ian  fo r  a  s ing le  ECM ce l l  i s  
"e  =  ?  ' ^ i  +  !  " i  +  H i  " i j  2 .1 .1a  
where  K .  rep resen ts  the  k ine t i c  energy  con t r ibu t ion  
K .  =  -V?  ,  2 ,1 .1b  
o f  e lec t ron  i ,  H.  rep resen ts  the  po ten t ia l  energy  due  to  the  in te rac t ion  
o f  e lec t ron  i  w i th  the  nuc lea r  charges ,  
H .  =  2 .1 .1c  
2^  0 (1  -  2 .1 . Id  
where  0 { r )  i s  a  fo rm o f  the  po ten t ia l  g i ven  by  Equa t ion  1 . 4 . 5a  co r re ­
spond ing  to  a  un i t  charge  a t  R. (m,s )  =  R^+R. (m)  where  ^  spec i f i es  the  
pos i t i on  o f  a tom s  re la t i ve  to  a  l a t t i ce  vec to r  R(m) .  The  po ten t ia l  
energy  due  t o  e lec t ron -e lec t ron  in te rac t ions  i s  
H j j  =  0 ( r . . )  .  2 .1 . le  
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The fac to r  1 /2  i n  Equa t ion  2 .1 .1a  assures  tha t  e lec t ron -e lec t ron  po ten t ia l  
energy  con t r ibu t ions  a re  no t  coun ted  tw ice .  
In  add i t i on  to  the  symmet ry  due  to  the  ind is t ingu ishab i1 i t y  o f  the  
e lec t rons  wh ich  was  d i scussed  i n  the  case  o f  the  f i n i te  c rys ta l  many-
e lec t ron  Haml l ton îan  (Sec t ion  11 .1 .1 )  the  ECM many-e lec t ron  
Hami l ton ian  i s  inva r ian t  w i th  respec t  t o  t rans la t ions  by  a  f i n i te  c rys ta l  
l a t t i ce  vec to r  o f  an  ind iv idua l  e lec t ron  coord ina te .  S ince  the  nuc lea r  
cons t i tuen ts  a re  taken  to  be  f i xed  a t  the i r  equ i l i b r ium pos i t i ons  the  
nuc lea r  te rm i s  invar ian t  w i th  respec t  t o  t rans la t ions  by  a  l a t t i ce  
vec to r  o f  an  ind iv idua l  e lec t ron  coord ina te .  
11 .2 .2  The  symmet ry -ex tended  c rys ta l  mode l  
A l though  an  IPM based  on  the  ECM many-e lec t ron  fo rmu la t ion  rep re ­
sen ts  an  apprec iab le  s imp l i f i ca t ion  re la t i ve  to  an  1PM based  on  the  
f i n i te  c rys ta l  many-e lec t ron  fo rmu la t ion ,  se l f - cons is ten t  ECM- IPM 
ca lcu la t ions  have  been  done  on ly  fo r  s imp l i f i ed  mode ls .  We adop t  the  
v iew tha t  i n  deve lop ing  an  IPM,  the  approx imat ions  shou ld  be  made i n  the  
many-e lec t ron  theory  be fo re  go ing  to  an  IPM ra the r  than  i n  the  1PM 
i t se l f .  The  p rocedure  w i l l  be  to  rewr i te  the  e lec t ron -e lec t ron  in te r ­
ac t ion  te rms  o f  the  many-e lec t ron  Hami l ton ian .  The  dominan t  te rms  a re  
re ta ined .  IPMs based  on  the  mode l  sugges ted  i n  th i s  sec t ion  and  the  
mode l  sugges ted  i n  Sec t ion  11 .2 .3  d i f fe r  on ly  i n  the i r  exchange  te rms  
f rom the  ECM Har t ree -Fock  IPM.  In  th i s  way  we hope  to  accoun t  f o r  
co r re la t ion  e f fec ts  wh ich  a re  a t t r i bu ted  to  the  long  range  charac te r  o f  
t he  cou lomb  i n t e rac t i on  (P ines ,  I 963 ,  p .  8 5 ) .  
Cons ider  the  p lane  wave  rep resen ta t ion  o f  the  ECM e lec t ron ic  charge  
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dens i t y  
Pg( j : )  =  ?  m ^ exp  i k (m)  .  (x .  -  £ . )  .  2 ,2 .1  
Th is  may  be  rewr i t ten  as  
Pg( l . )  •=•  Pg ( j : )  +  PgCl . )  2 .2 .2a  
where  
P^^r)  = P^p^Cr) 2.2.2b 
and  
Pg(£ )  =  (1  -  Pq )  pgCr )  .  2 ,2 .2c  
The  opera to r  i s  the  p ro jec t ion  opera to r  fo r  the  J<=0_  p lane  wave  
rep resen ta t ion  o f  the  ECM t rans la t ion  g roup  (Equa t ion  1 ,2 .24) ,  The  
charge  dens i t y  i s  invar ian t  w i th  respec t  t o  ECM t rans la t ion  g roup  
t rans fo rmat ions .  The  e f fec t  o f  P^  on  the  o r ig ina l  charge  dens i t y  i s  to  
d i s t r i bu te  the  charge  th roughou t  the  c rys ta l .  Each  ce l l  o f  the  c rys ta l  
l a t t i ce  i s  e lec t r i ca l l y  neu t ra l  when  the  e lec t ron ic  charge  dens i t y  i s  
rep resen ted  by  ,  The  rema in ing  charge  dens i t y  averages  to  ze ro  over  
an  ECM ce l l .  For  t h i s  reason  i t  i s  ca l led  the  f l uc tua t ion  charge  dens i t y .  
Th is  te rm may  be  qu i te  sma l l  f o r  the  charge  d i s t r i bu t ions  wh ich  a re  
rea l i zed  in  a  c rys ta l  near  equ i l i b r ium.  
In  te rms  o f  the  charge  dens i t y  pa r t i t i on  o f  Equa t ion  2 .2 ,2  the  ECM 
many-e lec t ron  Hami l ton ian  i s  
H =  S  K .  +  S  H.  +  1 /2  S  H ! .  +  1 /2S 2 .2 ,3  
e  i l  i l  i^ j  U  \ 4 ]  U 
where  
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HT.  
U  
2 . 2 . 4  
and  
2 . 2 . 5  
The p ro jec t ion  opera to r  i s  cons ide red  to  opera te  on  e i the r  o f  the  
e lec t ron ic  coord ina tes .  (H . ' .  i s  g i ven  by  Equa t ion  2 .1 .1e)  .  
No res t r i c t i on  has  been  p laced  on  the  loca t ion  o f  the  e lec t rons  
w i th in  an  ECM ce l l .  Presumab ly ,  the  charge  d i s t r i bu t ion  fo r  a  g i ven  
s ta te  o f  the  sys tem shou ld  be  a  consequence  o f  the  theory  and  no t  a  
cond i t i on  to  be  imposed  on  the  theory .  The  mos t  t ha t  one  can  hope  to  
ob ta in  f rom a  theory  tha t  neg lec ts  the  f l uc tua t ion  po ten t ia l  (Equa t ion  
2 .2 .5 )  con t r ibu t ions  i s  an  approx imat ion  to  the  g round  s ta te  o f  the  
many-e lec t ron  sys tem.  The  e f fec t  o f  the  p ro jec t ion  opera to r  on  the  
cou lomb repu ls ion  te rm H . j  i s  g rea t l y  to  reduce  the  con t r ibu t ion  o f  th i s  
te rm near  the  po in t  and  i n  do ing  th i s  fo rce  the  e lec t rons  to  be  
d i s t r i bu ted  un i fo rm ly  th roughou t  the  c rys ta l .  In  th i s  sense  a  measure  
o f  spa t ia l  co r re la t ion  has  been  fo rced  upon  e lec t ron  d i s t r i bu t ion .  
Apparen t l y ,  the  cos t  o f  neg lec t ing  the  f l uc tua t ion  te rm i s  to  remove  the  
poss ib i l i t y  o f  re ta in ing  impor tan t  co r re la t ion  e f fec ts .  The  many-
e lec t ron  mode l  i n  wh ich  the  f l uc tua t ion  po ten t ia l  i s  neg lec ted  w i l l  be  
ca l led  the  symmet ry -ex tended  c rys ta l  mode l  (SECM) .  
i n  Sec t ion  11 .1 . 4  express ions  were  ob ta ined  fo r  the  cou lomb i n te r ­
ac t ion  po ten t ia l  wh ich  m igh t  be  i n te rp re ted  as  a  reso lu t ion  in to  shor t  
range  in te rac t ions  and  long- range  in te rac t ions .  However ,  these  fo rms  
p rov ide  l i t t l e  ins igh t  i n to  the  s ign i f i cance  o f  the  symmet r i zed  cou lomb 
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i n te rac t ions  o r  the  f l uc tua t ion  po ten t ia l .  
I t  i s  i ns t ruc t i ve  to  rewr i te  the  p lane  wave  expans ion  o f  the  cou lomb 
po ten t ia l  (Equa t ion  1 .3 -3 )  i n  a  fo rm wh ich  may  be  re la ted  to  the  pa r t i t i on  
desc r ibed  above .  An  express ion  equ iva len t  to  Equa t ion  1 .3 .3  i s  
BZ 
0 ( f )  =  8r t  expT i  (K (m '  )  +  k (m) )  ._ r l  2 .2 .6  
n , [K (m ' )  +  k (m)  
where  the  sum on  m inc ludes  on ly  reduced  ]< -vec to rs .  The  p r ime  on  th i s  
sum ind ica tes  tha t  the  te rm m=0 i s  exc luded  i f  m'=0_ .  Equa t ion  2 .2 .6  
may  be  rewr i t ten  w i th  the  a id  o f  the  i den t i t y  
1 /K  +  k )^  =  1 /K^  +  +  k )^  -  1 1  /K^  2 .2 .7  
as  
whe  re  
and  
0 ( r )  =  0^ ' ' ( r )  +  2 .2 .8  
=  S( r )  2 .2 .9  
1 BZ  
" " ( j l )  =  C(m,m '  )  exp [ i (K (m ' )  +  k (m)  )  -  r_ ]  2 .2 .10  
w i th  
C(m, rn ' )  =  B t t  
n .  
. 1  K(m ' )2  -  1 
]  [K (m ' )  +  k (m)Y 
/K(m ' ) ^  2 .2 .11a  
i  f  m '  and  
c(m,0) = Bi t /  a  k(m)^ .  2.2 . 11b  
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I n  Equa t ion  2 .2 ,9  0^  i  s  the  symmet r i zed  fo rm o f  the  cou lomb in te rac t ion  
0^ ( j : )  =  Lo  exp(  iK (m) - r . )  2 .2 .12  
-  n,  K(m)^  
and  
BZ 
S ( r )  =  S  exp(  i l < (m) -x )  2 .2 .13  
i s  a  geomet r i ca l  f ac to r .  
Due  to  the  over r id ing  in f luence  o f  the  geomet r i ca l  f ac to r  S the  
f i r s t  te rm in  Equa t ion  2 .2 .8  i s  o f  p redominan t l y  shor t - range  charac te r .  
The  second  te rm i s  domina ted  by  the  sma l le r  jK -vec to rs  and  i s  the re fo re  
long- range  in  charac te r .  
The  e f fec t  o f  the  p ro jec t ion  opera to r  on  the  f i r s t  te rm o f  
Equa t ion  2 .2 .8  i s  to  rep lace  the  geomet r i ca l  fac to r  by  un i t y .  The  second  
te rm i s  removed  comp le te ly  by  .  Thus ,  a  mode l  o f  a  c rys ta l  based  on  
a  t rans1  a t iona1  symmet r i zed  e lec t ron ic  charge  dens i t y  (Equa t ion  2 ,2 .2b)  
comp le te ly  ignores  the  long- range  par t  o f  the  cou lomb in te rac t ion  and  
se r ious ly  reduces  the  e f fec t i veness  o f  the  shor t - range  par t  o f  the  cou lomb 
i  n te rac t  i ons .  
In  Sec t ion  11 .3 .4  we f i nd  tha t  Har t ree -Fock  s ing le -par t i c le  approx ­
imat ions  based  on  the  ECM and  SECM d i f fe r  on ly  i n  the  exchange  te rms .  
Exchange  con t r ibu t ions  in  the  SECM a re  much  l ess  than  those  in  the  ECM.  
i n  fac t  the  SECM s ing le -par t i c le  equa t ions  a re  essen t ia l l y  Har t ree  
equa t  i  ons .  
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11 .2 .3  The  COr re  1  a ted -ex tended  c rys ta l  mode l  
A l though  i t  may  be  des i rab le  to  reduce  the  e f fec t i veness  o f  the  
cou lomb in te rac t ion  in  the  exchange  te rm o f  a  s ing le -par t i c le  approx ima­
t i on ,  the  reduc t ion  wh ich  occurs  i n  the  SECM i s  p robab ly  too  ex tens ive .  
The  moda l  suggos tod  In  th i s  sec t ion  i  g  based  on  the  cou lomb Iden t i t y  o f  
Equa t ion  2 .2 ,8 .  
The  ECM many-e lec t ron  Hami l ton ian  may  be  wr i t ten  w i th  the  a id  o f  
Equa t  i on  2 .2 .8  as  
H =  S  K .  +  S  H.  +  1 /2 .5 .  +  1 /2 .5 .  H Î r  2 .3 .1  
e  I  I  11  I  IJ  1U  
whe re  
H j j  =  exp( iK (m) ._ r_ )  2 .3 .2  
0 |  K(m)^  
and  
• 1  BZ  
" i j  =  ^  C(m, rn ' )  exp ( i [K (m ' )  +  i< (m)  ]  -J l j j )  2 . 3 . 3  
where  C i s  g i ven  by  Equa t ions  2 .2 .11  and  S i s  g i ven  by  Equa t ion  2 ,2 ,13 .  
The  behav io r  o f  the  shor t - range  and  long- range  te rms  fo r  an  f . c . c  
l a t t i ce  i s  ind ica ted  i n  F igure  1 and  F igu re  2 ,  respec t i ve ly .  The  i n te r ­
ac t ion  i s  represen ted  i n  d imens ion !  ess  fo rm 1 /2  a(?  and  p lo t ted  as  a  
func t ion  o f  r /a  (x .=J i | j )  i n  the  reg ion  near  the  o r ig in .  The  paramete r  a  
i s  the  l a t t i ce  cons tan t  fo r  the  f . c . c  l a t t i ce .  Excep t  f o r  the  v io len t  
f l uc tua t ions  wh ich  occur  near  l a t t i ce  s i tes  the  long- range  te rm i s  ve ry  
near l y  the  ta i l  o f  the  cou lomb in te rac t ion .  A  t yp ica l  l a t t i ce  cons tan t  
i s  abou t  10  a ,u .  Thus ,  the  long- range  te rm has  a  max imum o f  abou t  ,5  and  
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behaves  asympto t i ca l l y  as  l / r .  
The  so lu t ion  o f  the  ECM many-e lec t ron  Schroed  i  nger  equa t ion ,  
" e  =  E  2 . 3 . 4  
may be  wr  i  t ten  as  
=  exp( - l /2F)  i l ; ^  2 .3 .5  
where  F  i s  an  unspec i f i ed  func t ion  o f  the  e lec t ron ic  coord ina tes .  An  
express ion  co r respond ing  to  Equa t ion  2 .3 .4  fo r  the  func t ion  i s  
H '  A '  =  E A '  2 .3 .6  e  Te  Yg  
where  
+  E  [  1 /2  vA  + V.F-V .  -  1 /4 (V .F )^  ]  .  2 .3 .7  
By  choos ing  
BZ 
F  =  j J j  ^  exp( i [K (m ' )  +  k (m) ]  •£_ )  2.3.8 
[K (m ' )  +  k (m) ]^  
the  long- range  te rms  co r respond ing  to  m'  a  re  e l im ina ted  f rom Equa t ion  
2 .3 .7 .  Equa t ion  2 .3 .7  becomes  
H '  =  E  K .  +  Z  H .  +  1 / 2  . 5 .  +  1 /2  .g .  2 . 3 . 9  
e  i l  i l  i ? ^ J  i j  i 5 ^ J  I J  
+  ^  V.F .V .  -  1 /4 (V .F )  
I  I  I  I  
where  
BZ BZ 
H | j  = [ ^§0  ^  exp( i k (m) \ r . j )  .  2 .3 .10  
^1  k (m)2  
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Excep t  fo r  the  f i r s t  few K-vec to r  modu les  the  te rms  o f  F  w i l l  be  
sma l le r  te rm by  te rm than  the  co r respond ing  quan t i t i es  in  The  
des t ruc t i ve  in te r fe rence  o f  the  phases  wh ich  mus t  occur  i n  may  be  
s l i gh t l y  inh ib i ted  in  F .  Thus ,  F  can  be  expec ted  to  be  a  smooth  func t ion  
resemb l  i ng  ,  
S ince  the  p robab i l i t y  dens i t y  
i g  i fg  =  exp( -F )  2 .3 .11  
i s  decreased  when  the  pos i t i ons  o f  any  two  o f  the  pa r t i c les  co inc ide  o r  
near l y  co inc ide  F  may  be  i n te rp re ted  as  a  two-par t i c le  co r re la t ion  
func t  i  on .  
The  te rms  i n  Equa t ion  2 .3 .9  invo lv ing  g rad ien ts  o f  F  mus t  be  sma l l  
s ince  the  g rad ien t  opera t ion  in t roduces  a  vec to r  i n  the  numera to r  o f  F  
wh ich  can  be  expec ted  to  abe t  the  des t ruc t i ve  in te r fe rences  o f  the  phases ,  
The  behav io r  o f  the  rema in ing  long- range  te rm (Equa t ion  2 .3 .10)  may  
be  approx imated  by '  
=  ( r / a )  S i ( k ^ r . . ) / r . j  2 . 3 . 1 2  
whe re  
S i (x )  =  f *  s in  ( t )d t  2 .3 .13  Jo  ^  
and  i s  the  rad ius  o f  a  sphere  wh ich  approx imates  the  B r i l l ou in  zone .  
2 Near  the  o r ig in  the  s ine  in teg ra l  behaves  as  
'Eg .  see  Bohm,  1953 ;  p .  612 ,  
^Jahnks j  1945 ,  p .  1 .  
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Si (x )  ^  X -  x^ /18  + . . .  2 .3 .14  
and  asympto t i ca l l y  as  
S i (x )  =  1 /2% -  cos (x ) / x  .  2 .3 .15  
The  paramete r  i s  o f  tha  o rder  o f  2« /a  1 /2  fo r  an  f . c . c  la t t i ce .  
There fo re ,  i s  a  ve ry  s low ly  va ry ing  func t ion  near  the  o r ig in  and  
fo r  k^ r»  1 behaves  as  1 / r .  
The  mode l  o f  the  many-e lec t ron  c rys ta l  wh ich  i s  desc r ibed  by  the  
Hami  1  t on  ian  
He =:  S  K .  +  ?  H.  +  1 /2  .g .  2 .3 .16  
w i l l  be  ca l led  the  Cor  re  1a ted-Ex tended  Crys ta l  Mode l  (CECM) .  As  i n  the  
case  o f  the  SECM Har t ree -Fock  s ing le -par t i c le  approx imat ions  based  on  
the  CECM d i f fe r  f rom the  ECM on ly  i n  the  exchange  te rms .  However ,  i n  
the  CECM the  dominan t  fea tu res  o f  the  cou lomb in te rac t ion  a re  re ta ined .  
11 .2 .4  S ing le -par t i c le  approx imat ions  
The  approx imat ion  o f  the  many-e lec t ron  wave  func t ion  o f  an  an t i -
symmet r i zed  p roduc t  o f  one-e lec t ron  func t ions  0 .  
^e  =  ""a  i l l  ( ^ i ( ^ i )  •  2 .4 .1  
i s  the  s ta r t i ng  po in t  fo r  IPMs o f  fe rm ion  sys tems.  The  opera to r  i s  
the  an t i - symmet r i za t ion  opera to r  on  the  coord ina te  ind ices  o f  the  N-
e lec t ron  sys tem.  The  wave  func t ion  represen ted  by  Equa t ion  2 .4 .1  i s  a  
symmet ry -adap ted  func t ion  co r respond ing  to  the  an t i - symmet r i c  rep resen ta ­
t i on  o f  the  symmet r i c  g roup  o f  o rder  N .  Thus ,  the  Pau l  i  exc lus ion  
p r inc ip le  i s  sa t i s f i ed .  
ko 
Equat ion  2 .4 .1  may  be  wr i t ten  as  a  de te rm inan t ,  
=  de t tP jCC; ) ,  '  2-4 .2  
where  each  row o f  the  de te rm inan t  i s  charac te r i zed  by  a  pa r t i c le  
coord ina te  index .  F rom the  p roper t ies  o f  de te rm inan ts  i t  fo l l ows  tha t  
the  N one-e lec t ron  func t ions  mus t  be  l i near l y  independen t  o r  the  :  
de te rm inan t  i s  ze ro .  S ince  the  va lue  o f  a  de te rm inan t  i s  unchanged  by  
rep lac ing  a  co lumn o f  the  de te rm inan t  by  the  o r ig ina l  co lumn p lus  l i near  
comb ina t ions  o f  the  rema in ing  co lumns ,  the re  i s  no  loss  i n  genera l i t y  i n  
assuming  the  one-e lec t ron  func t ions  to  be  o r thonorma l .  
The  to ta l  energy  o f  a  sys tem desc r ibed  by  a  Hami l ton ian  o f  the  fo rm 
H =  ?  K .  +  Ç H.  +  1 /2  .5 .  H . .  2 .4 .3  
e  I  I  I  I  i j  
w i th  a  wave  func t ion  cons is t ing  o f  a  s ing le  de te rm inan t  o f  o r thonorma l  
one-par t i c le  func t ions  i s  
E- to t  "  "  (^e ' ^e^e^ /^  '  2 -4 .4  
o r  i n  te rms  o f  the  s ing le -par t i c le  opera to rs  i s  
2 .4 .5  
E fo t  =  ?  9 . (1 ) )  +  1 /2  2 . (0 . (1 )0 . (2 ) ,  
H ,  20 (1 )9 .  (2 ) )  -  1 /2  (0 . (1 )0 .  (2 ) ,H^20 j (2 )0 j ( l ) ) .  
Equa t ions  2 .4 .4 ,  5  a  re  wr i t ten  in  a  no ta t ion  i n  wh ich  
( j  J X . 2  J  *  •  •  J  9  ( j l ]  J  •  •  •  ^ X ^ )  )  ~  ( x . ]  J  •  •  •  
9 (—]  ! ' • ' )  •  
I n teg ra t ion  i s  ind ica ted  on ly  i f  a  coord ina te  occurs  tw ice .  i n  the  case  
k ]  
o f  t he  ECM the  reg ion  o f  i n teg ra t ion  i s  an  ECM ce l l .  
M in im iza t ion  o f  the  to ta l  energy  by  va ry ing  the  one-e lec t ron  
func t ions  sub jec t  to  the  o r thonorma l i t y  cons t ra in t ,  
(0 , (1 ) ,0 j (O)  =  6 , J  ,  2.4 .6  
leads  to  s ing le -par t i c le  equa t ions  fo r  the  one-e lec t ron  func t ions .  
K ,9 ; ( ] )  +  H ,0 . (1 )  +  .Z .  (0 . (2 ) ,H j r [0 .  (2 )0 . (1 )  -  0L(1 )0 ; (2 ) ] )  =  
S  9 . (1 )  .  
j u J 
The paramete rs  a re  the  Lagrange  mu l t i p l i e rs  wh ich  a re  used  to  impose  
the  o r thonorma 1 i  t y  cons t ra in t .  I f  the  opera to rs  ,  and  a re  
Hermi tean  and  ^  i t  fo l l ows  tha t  the  Lagrange  mu l t i p l i e rs  a re  
+  Ye 
Hermi tean  (x . ^  =  X j j )  •  There fo re ,  the  Lagrange  mu l t i p l i e r  mat r i x  may  
be  p laced  i n  d iagona l  fo rm by  a  un i ta ry  s im i la r i t y  t rans fo rmat ion .  Thus ,  
the  s ing le -par t i c le  equa t ions  can  be  wr i t ten  in  the  fo rm 
K ,P | (1 )  +  H ,0 ! (1 )  +  S .  (0 ! (2 ) ,H,2 [ p ! (2 )p | ( l ) -0 j (1 )0 : (2 ) ] )  
=  e j  0 ! (1 )  2 .4 .7  
where  e .  i s  a  d iagona l  e lement  o f  the  t rans fo rmed Lagrange  mu l t i p l i e r  
mat r i x .  The  one-par t i c le  func t ions  a re  re la ted  to  the  func t ions  0 .  
by  0 Î  =  ?  U . . 0 .  where  U i s  the  un i ta ry  mat r i x  wh ich  d iagona l i zes  the  
I  J  U  J  
Lagrange  mu l t i p l i e r  mat r i x .  
I f  the  assumpt ion  i s  made tha t  the  one-e lec t ron  func t ions  i n  Equa t ion  
2 ,4 ,7  occur  i n  pa i rs  (pa i red  sp in  s ta tes )  o f  the  fo rm 
I  
P ; (+ ) ( ! , )  =  u . (x , )  a  2 .4 .8a  
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)  ~  U;  (X j )  P  2 . 4 . 8 b  
where  a  =  ( i )  P  =  I ? )  are  sp in  func t ions ,  then  Equa t ion  2 .4 .7  may  be  
wr i t ten  as  
K ju . ( l )  +  H jU . (1 )  +  ^  (U j (2 ) .H ,2  t  U j (2 )w , ( l ) - l / 2u j ( l )u , (2 ) ] )  -
e .  u .  (1 )  .  2 . 4 . 9  
i f  the  one-e lec t ron  func t ion  p robab i l i t y  dens i t y  i s  regarded  as  
the  p  roba  b i1  i  t y  dens  i t y  o f  an  e lec t  ron  (o r  quas i -e lec t ron )  i n  the  many-
e lec t ron  sys tem,  then  the  s ing le -par t i c le  equa t ions  (Equa t ion  2 .4 .7  o r  
Equa t ion  2 .4 .9 )  may  be  i n te rp re ted  as  the  Schroed inger  equa t ion  fo r  a  
s ing le  pa r t i c le  mov ing  i n  the  averaged  po ten t ia l  due  to  the  e lec t ron ic  
charge  dens i t y  and  the  nuc lea r  po ten t ia l s .  Th is  i n te rp re ta t ion  i s  
suppor ted  by  the  fac t  tha t  the  in teg ro -d i f fe ren t ia1  opera to r  wh ich  ac ts  
on  the  one-e lec t ron  func t ion  0 l  (o r  u . )  i n  the  s ing le -par t i c le  equa t ions  
i s  Hermi tean .  Thus ,  the  Lagrange  mu l t i p l i e r  i n  the  d iagona l  fo rm may  be  
i n te rp re ted  as  the  s ing le -par t i c le  energy .  
S ing le -par t i c le  equa t ions  der i ved  f rom a  s ing le -de te rm inan t  (o r  a  
sma l l  number  o f  de te rm inan ts )  o f ten  a re  ca l led  Har t ree -Fock  equa t ions .  
The  opera to r  de f ined  by  wr i t i ng  the  l e f t  member  o f  Equa t ion  2 .4 .9  as  
w i l l  be  des igna ted  the  pa i red  sp in  Har t ree -Fock  opera to r .  The  N /2  e igen-
funcc ions  o f  the  pa i red  sp in  Har t ree -Fock  opera to r  wh ich  a re  used  to  fo rm 
the  Har t ree -Fock  opera to r  a re  in te rp re ted  to  represen t  occup ied  s ing le -
par t i c le  s ta tes .  The  Har t ree -Fock  apporx imat ion  to  the  g round  s ta te  
G .  U  .  2 .4 .10  
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e igen func t ion  o f  the  many-e lec t ron  Hami l ton ian  (Equa t ion  2 .4 .3 )  i s  
fo rmed f rom the  N/2  occup ied  s ing le -par t i c le  e igen func t ions  o f  the  
pa i red  sp in  Har t ree -Fock  opera to r  fo r  wh ich  the  to ta l  energy  (Equa t ion  
2 .4 .5 )  o f  the  many-e lec t ron  sys tem i s  a  m in imum.  The  e igen func t ions  
o f  the  g round  s ta te  Har t ree -Fock  opera to r  wh ich  co r respond  to  unoccup ied  
s ing le -par t i c le  s ta tes  represen t  exc i ted  s ta tes  o f  the  many-e lec t ron  
sys tem in  the  sense  o f  Koopmans '  (1933)  theorem.  
F rom Equa t ion  2 .4 .9  i t  i s  ev iden t  tha t  the  averaged  po ten t ia l  due  
to  e lec t ron -e lec t ron  in te rac t ions  in  the  Har t ree -Fock  opera to r  i s  o f  a  
ve ry  spec ia l  k ind .  The  d i rec t  te rm,  
D u .  =  2  ?  ( u j ( 2 ) ,  H , 2  u . ( 2 ) )  U .  ,  2 . 4 . 1 1  
i s  s imp ly  the  e lec t ron ic  e lec t ros ta t i c  average  po ten t ia l .  
The  exchange  te rm,  
A  u . ( l )  =  ?  (U j (2 ) ,H^2  u . (2 ) )  U j ( l )  ,  2.4 .12  
represen ts  a  much  more  comp l i ca ted  t ype  o f  average .  S la te r  (1951)  has  
shown tha t  the  exchange  te rm tends  to  c rea te  a  "ho le "  i n  the  e lec t ron ic  
charge  dens i t y  su r round ing  the  e lec t ron  represen ted  by  the  wave  func t ion  
u .  .  Thus ,  the  exchange  te rm somehow ac ts  to  co r re la te  the  mot ion  o f  the  
e lec t rons .  .  
S ince ,  one-e lec t ron  func t ions  w i th  oppos i te  sp ins  make  no  con t r ibu ­
t i on  to  the  exchange  te rm,  the  pa i red  sp in  fo rm o f  the  Har t ree -Fock  
equa t ion  p robab ly  su f fe rs  a  reduc t ion  i n  exchange  co r re la t ion  as  compared  
w i th  the  Har t ree -Fock  Equa t ion  2 .4 .7 .  However ,  t he  s imp l i f i ca t ion  a f fo rded  
by  the  pa i red  sp in  approx imat ion  necess i ta tes  i t s  use  i n  c rys ta l  
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app l i ca t ions  (a t  l eas t  fo r  the  p resen t ) .  I n  te rms  o f  the  opera to rs  
de f ined  by  Equa t ions  2 .4 .11  and  2 .4 .12  the  pa i red  sp in  Har t ree -Fock  
opera to r  i s  
HJp  =  +  D -  A .  2 .4 .13  
11 .3  S ing le -Par t i c le  Approx imat ions  i n  Crys ta l  App l i ca t ions  
11 .3 .1  Symmet ry  cons ide ra t ions  i n  the  ex tended  c rys ta l  mode l  
The  s imp l i f i ca t ion  a f fo rded  th rough  the  use  o f  symmet ry -adap ted  
func t ions  becomes  ava i lab le  in  c rys ta l  app l i ca t ions  on ly  i f  the  Har t ree -
Fock  opera to r  i s  inva r ian t  w i th  respec t  t c  the  opera t ions  o f  the  space  
g roup .  
Cons ider  the  e f fec t  o f  a  symmet ry  t rans fo rmat ion  g  on  the  ECM 
Har t ree -Fock  opera to r  fo r  pa i red  sp in  s ta tes . '  
g  hP^(1 )  9 (1 )  =  HgS(g- \ r , )  (? (g " ' r ^ )  
The  k ine t i c  and  nuc lea r  te rms  a re  una f fec ted  by  the  t rans fo rmat ion .  The  
d i rec t  and  exchange  te rms  the  opera to rs  a re  represen ted  by  
W 0  =  ? (u^ . (2 ) ,  Py  U j (2 )  ^ (0 )  3 .1J  
where  i n  the  case  o f  the  d i rec t  te rm P. ,  =  2  and  i n  the  case  o f  the  W 
exchange  te rm =  P^g ,  the  two-par t i c le  permuta t ion  opera to r .  By  con­
s t ruc t ion  o f  the  ECM symmet ry  t rans fo rmat ions  o f  the  in teg ra t ion  va r iab les  
do  no t  a l te r  the  va lue  o f  a  sca la r  p roduc t .  There fo re ,  
' i n  th i s  sec t ion  symmet ry  t rans fo rmat ions  w i l l  be  wr i t ten  as  i f  they  
were  symmorph ic .  Th is  invo lves  no  loss  i n  genera l i t y  s ince  the  same 
techn iques  may  be  app l ied  w i th  non-symmorph ic  opera to rs ,  excep t  tha t  i n  
th i s  case  the  mean ing  o f  the  opera to r  w i l l  depend  on  the  con tex t  i n  wh ich  
i t  i s  used .  
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gW0 =  ? ( u j ( g  ^2)^  H j2  Py  U j (g  0 ( g  ) )  .  3 .1 .2  
The  de r i va t ion  o f  Equa t ion  3 .1 .2  i s  independen t  o f  .  
I f  the  one-e lec t ron  func t ions  i n  Equa t ion  3 .1 .2  a re  B loch  func t ions ,  
then  f rom Equa t ion  1 .2 .30a  the  t rans fo rmed one-e lec t ron  func t ion  i s  a l so  
a  B loch  func t ion .  I f  g  rep resen ts  a  t rans la t ion  opera to r  T (m) ,  then  
I (m)  W 9 (1 )  =  W T (m)  0 (1 )  .  3 .1 .3  
Thus ,  the  requ i rement  tha t  the  one-e lec t ron  func t ions  be  B loch  func t ions  
i s  a  su f f i c ien t  cond i t i on  fo r  the  invar iance  o f  the  ECM Har t ree -Fock  
opera to r  w i th  respec t  t o  the  ECM t rans la t ion  g roup .  One way  t o  guaran tee  
the  invar iance  o f  W t o  any  space  g roup  t rans fo rmat ion  i s  f i r s t  to  requ i re  
the  u ' s  to  be  func t ions  symmet ry -adap ted  to  the  g roup .  Under  any  opera ­
t i on  g  o f  the  space  g roup  the  u ' s  t rans fo rm accord ing  to  some un i ta ry  
rep resen ta t ion  o f  the  g roup .  
g  u .  =  ?  U j  D j . (g )  3 .1 .4  
Invar iance  o f  W t o  the  g roup  i s  assured  i f  fo r  every  U j  wh ich  occurs  i n  
W,  a l l  the  u ' s  appear  tha t  span  the  rep resen ta t ion  subspace  con ta in ing  
U j .  From Equa t ions  3 .1 .2 ,  4  
3 " ® - j^m,n ' "|2 ^ «(s"'£, )) 9)D„j (g) • 
There fo re ,  
g  W 0  =  W g  0  ,  3.1 .5  
and  the  Har t ree -Fock  opera to r  i s  Invar ian t  w i th  respec t  to  opera t ions  o f  
the  space  g roup .  
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I f  the  Har t ree -Fock  opera to r  i s  invar ian t  t o  the  space  g roup ,  then  
i t s  e igen func t ions  can  be  chosen  to  be  symmet ry -adap ted  func t ions .  These  
func t ions  can  be  used  to  bu i ld  the  Har t ree -Fock  opera to r  i t se l f  as  i s  
requ i red  fo r  se l f - cons is tency .  A  rec ipe  fo r  cons t ruc t ing  a  space  g roup  
invar ian t  Har t ree -Fock  opera to r  f rom the  symmet ry -adap ted  e igen func t ions  
o f  the  Har t ree -Fock  opera to r  i s  g i ven  in  the  fo l l ow ing  paragraphs .  
Suppose  0^  .  to  be  a  ca r r ie r  space  fo r  a  un i ta ry  i r reduc ib le  
i i j  J  
rep resen ta t ion  a  o f  the  g roup  o f  the  j< -vec to r  .  The  componen ts  o f  
0?  .  a re  symmet ry -adap ted  e igen func t ions  ( labe led  by  the  index  j )  o f  the  
is .  J  J  
Har t ree -Fock  opera to r .  By  de f in i t i on  
=  (9 )  3 .1 .6  
where  i s  a  un i ta ry  mat r i x  rep resen ta t i ve  o f  the  opera to r  g  o f  G^  .  
A l e f t  cose t  hGj^  o f  the  space  g roup  G i s  de f ined  to  be  the  se t  o f  
opera to rs  [hg ]  where  g  i s  con ta ined  i n  Gj^  and  h  i s  con ta ined  i n  G.  The  
opera to r  h  i s  ca l led  the  genera to r  o f  the  cose t .  i t  i s  easy  to  show tha t  
i f  cose ts  h jG^  and  hg iG^  possess  a  common e lement ,  then  they  a re  iden t i ca l .  
There fo re ,  the  space  g roup  G may  be  pa r t i t i oned  un ique ly  i n to  cose ts .  
G  =  G ^  +  h ^ G ^  +  3 . 1  . 7  
A ca r r ie r  space  o f  the  space  g roup  may  be  fo rmed f rom 0 f  .  accord ing  to  
is . ;  J  
t he  pa r t i t i on  in to  cose ts ,  
^ l ^ , j  '  • • •  )  •  3 . 1 . 8  
S i  nee ,  
9  \  = h :  9 '  Og ' )  3 .1 .9  
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where  g  i s  con ta ined  i n  G,  g '  i s  con ta ined  i n  G.  ,  and h .  and  h i  a re  k /  I  I  
cose t  genera to rs ,  the  g roup  G i s  rep resen ted  i n  the  ca r r ie r  space  .  
i i j  J  
by  un i ta ry  mat r i ces .  
The  opera to r  W may  be  wr i t ten  in  te rms  o f  the  ca r r ie r  spaces  .  
J i j  J  
( cons ide red  to  be  a  row mat r i x )  as  
W  9  =  2  .  ( $ 3 ( 2 ) ,  H  P  * 3 ( 2 ) T  * ( 1 ) )  3 . 1 . 1 0  
.  -  'J  k , j  w k , j  
where  the  p r ime on  the  sum on  reduced  k -vec to rs  means  tha t  on ly  those  
inequ iva len t  k -vec to rs  a ra  inc luded  fo r  each  index  a  and  j  wh ich  canno t  
be  re la ted  by  space  g roup  opera t ions .  A  supersc r ip t  T  on  j  ind ica tes  
tha t  i t  i s  t ransposed  (  a  co lumn mat r i x ) .  
F rom the  t rans fo rmat ion  p roper t ies  o f  the  .  and  Equa t ion  3 -1 .2  
i i j  J  
i t  i s  ev iden t  tha t  W as  expressed  by  Equa t ion  3 .1 .8  i s  invar ian t  w i th  
respec t  t o  space  g roup  opera t ions .  
Mat r i x  e lements  be tween  symmet ry -adap ted  func t ions  w i th  the  symmet ry -
i nva r ian t  Har t ree -Fock  opera to r  d i sp lay  the  se lec t i v i t y  expressed  by  
Equa t ions  1 .2 .19 .  The  symmet ry  se lec t i v i t y  i s  o f  g rea t  p rac t i ca l  va lue ,  
s ince  on ly  mat r i x  e lements  be tween  symmet ry -adap ted  func t ions  wh ich  t rans ­
fo rm accord ing  to  the  same i r reduc ib le  rep resen ta t ion  need  be  cons ide red .  
An  add i t i ona l  s imp l i f i ca t ion  i s  p rov ided  by  the  cons t ruc t ion  o f  the  
ca r r ie r  space  .  (Equa t ion  3 .1 .6 ) .  A l l  componen ts  o f  \ i f f  .  a re  e igen-
i i ^J  J i j J  
f unc t ions  o f  the  Har t ree -Fock  opera to r  w i th  the  same e igenva lue .  
There fo re ,  on ly  one  o f  the  componen t  f unc t ions  need  be  ca lcu la ted .  
As  an  examp le  o f  the  u t i l i za t ion  o f  symmetry i n  c rys ta l  app l i ca t ions  
cons ider  the  expans ion  o f  the  e lec t ron ic  charge  dens i t y  i n  p lane  waves .  
The  e lec t ron ic  charge  dens i t y  may  be  wr i t ten  in  te rms  o f  the  vec to r  
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,  a  
spaces  j as  
-  .  3 . . . n  
By cons t ruc t ion  the  e lec t ron ic  charge  dens i t y  i s  inva r ian t  w i th  respec t  
t o  space  g roup  t rans fo rmat ions .  S ince  the  e lec t ron ic  charge  dens i t y  
i s  inva r ian t  w i th  respec t  t o  t rans fo rmat ions  by  t rans la t ion  g roup  
e lements ,  i t  may  be  expanded  i n  the  comp le te  se t  o f  t rans la t ion  invar ian t  
p lane  waves ,  
Pg( j J  =  "  K PK •  3 .1 .12a  
S ince  the  e lec t ron ic  charge  dens i t y  I s  Invar ian t  w i th  respec t  t o  genera l  ,  
space  g roup  t rans fo rmat ions ,  expans ion  coe f f i c ien ts  fo r  K-vec to rs  
re la ted  by  a  po in t  g roup  t rans fo rmat ion  mus t  be  re la ted  to  one  ano ther .  
A  modu le  o f  K^vec to rs  cons is ts  o f  the  se t  o f  J<-vec to rs  wh ich  can  be  
t rans fo rmed in to  one  ano ther  by  the  ro ta t iona l  pa r t  o f  g roup  opera t ions .  
I f  the  g roup  i s  symmorph ic ,  a l l  expans ion  coe f f i c ien ts  o f  the  same modu le  
o f  K-vec to rs  mus t  be  equa l .  I n  th i s  case ,  
PE(L.) = "t k ] P[K] Kc  [ K ]  •  3 .1 .12b  
The  symbo l  [K ]  des igna tes  a  modu le  o f  K -vec to rs .  i n  genera l ,  
PE(JL) " " [K ]  P[K ]  & [K ]  3 .1 .12c  
where  .  
P p j  =  S  9  3 . 1 . 1 3  
i s  the  p ro jec t ion  opera to r  fo r  the  iden t i ca l  i r reduc ib le  rep resen ta t ion  
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o f  the  ECM space  g roup  o f  o rder  G°  .  
The  expans ion  coe f f i cen t  i  s  g i ven  by  
P [K ]  =  "o " '  J  ^ r ,  | e [K ]  
where  i s  the  number  o f  K-vec to rs  con ta ined  i n  the  ]< -vec to r  modu le .  
The  reg ion  o f  i n teg ra t ion  in  Equa t ion  3 .1 .14a  cons is ts  o f  one  p r im i t i ve  
ce l l  o f  the  space  l a t t i ce .  An  a l te rna t i ve  express ion  fo r  Equa t ion  
3 .  1  . 14a  i s  
P [K ]  =  I  Î Î  W'  3- ' ' ' 4k  
where  
K f [K ]  3 .1 .14c  
[K] 
i s  a  space  g roup  invar ian t  opera to r .  There fo re ,  the  expans ion  coe f f i ­
c ien t  may  be  expressed  i n  te rms  o f  one  componen t  f unc t ion  u^  .  o f  ^  
f o r  each  te rm in  the  sum,  
P [K ]  =  k  Hk  a  '  P[K ]  \ , p  3.1 .15  
where  Mj^  i s  a  mu l t i p l i c i t y  fac to r  equa l  t o  the  number  o f  i nequ iva len t  
reduced  k -vec tons  wh ich  a re  re la ted  to  ^  by  a  space  g roup  opera t ion  and  
d^  i s  the  degree  o f  degeneracy  o f  the  i r reduc ib le  rep resen ta t ion  a .  
The  po ten t ia l  energy  due  to  the  e lec t ron ic  charge  dens i t y  i s  
P [KJ  Pp ,  KerK jT  
Methods  s im i la r  to  those  used  i n  the  p reced ing  t rea tment  o f  the  p lane  
wave  expans ion  o f  the  e lec t ron ic  charge  dens i t y  may  be  app l ied  to  the  
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nuc lear  and  d i rec t  te rms  o f  the  pa i red  sp in  Har t ree -Fock  opera to r .  The  
p lane  wave  expans ion  o f  the  nuc lea r  and  d i rec t  pa i red -sp in  Har t ree -Fock  
opera to rs  i s  
3 . 1 . 1 8  
+ [ii]5o Pcii] •'r, 
where  S ( j ^  i s  the  s t ruc tu re  fac to r ,  
S ( K )  =  Z  Z g  e x p ( - i K - R g )  ,  3 . 1 . 1 9  
and  i s  g iven  by  Equa t ion  3 .1 .16 .  
The  d i rec t  te rm o f  the  Har t ree -Fock  opera to r  opera t ing  on  a  func t ion  
o f  pos i t i on  £_ i s  a  mu l t i p l i ca t i ve  opera to r  D(£_)  .  The  va lue  o f  D(£_)  i s  
independen t  o f  the  func t ion  on  wh ich  i t  opera tes .  There fo re ,  the  d i rec t  
te rm o f  the  Har t ree -Fock  opera to r  may  be  regarded  as  a  space  g roup  
invar ian t  func t ion  o f  pos i t i on .  Consequen t l y ,  t he  d i rec t  te rm may  be  
wr i t ten  as  
G( '  )  =  f  i . j  J  " ,2  3.1 .20 
where  i s  the  p ro jec t ion  opera to r  fo r  the  j<=_0  r ep resen ta t ion  o f  the  
ECM t rans la t ion  g roup .  There fo re ,  Har t ree -Fock  1PMs based  on  the  ECM,  
SECMj  and  CECM many-e lec t ron  mode ls  have  i den t i ca l  d i rec t  te rms  i n  the i r  
respec t i ve  Har t ree -Fock  opera to rs .  
11 .3 .2  So lu t ion  o f  the  Schroed inger  equa t ion  by  expans ion  i n  a  
f i n i te  bas is  
Suppose  tha t  0  rep resen ts  a  bas is  o f  l i near l y  independen t  func t ions .  
0  =  (0 j ,  Pg ,  9^ )  3 -2 .1  
In  te rms  o f  th i s  bas is  the  so lu t ion  o f  the  Schroed inger  equa t ion  
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IT  i l ;  =  E  i l f  3 .2 .2  
i  s  
ij»  =  0  C 3 .2 .3  
where  C i s  a  coe f f i c ien t  vec to r  wh ich  i s  chosen  to  sa t i s f y  Equa t ion  
3 .2 .2 ,  The  Ray  1e igh -R i t z  p rocedure  fo r  de te rm in ing  C requ i res  the  
energy  E  to  be  ex t rema l  w i th  respec t  t o  va r ia t ion  o f  the  componen ts  o f  
C ,  The  resu l t i ng  e igenva lue  p rob lem i s  
H C =  E 0  C 3 .2 .4  
where  H i s  ca l led  the  Hami l ton ian  mat r i x ,  
H =  J  H 0  3 .2 .5  
and  0  i s  ca l led  the  over lap  mat r i x ,  
0  =  J  0  0  .  3 .2 .6  
In  genera l  the  over lap  mat r i x  w i l l  no t  be  s imp ly  a  mu l t i p le  o f  the  
i den t i t y  mat r i x .  Thus ,  Equa t ion  3 .2 .4  i s  no t  i n  the  s tandard  fo rm fo r  
an  e igenva lue  p rob lem.  S ince ,  the  bas is  0  cons is ts  o f  l i near l y  independ­
en t  componen ts ,  t he re  i s  a t  leas t  one  t rans fo rmat ion  T  on  0  ,  
0 '  =  0  T  3 .2 .7  
fo r  wh ich  the  over lap  mat r i x ,  
0 '  =  J  0 '  0 '  =  I  ,  3 .2 .8  
the  iden t i t y  mat r i x ,  i n  th i s  case  the  e igenva lue  p rob lem.  Equa t ion  
3 ,2 .4  may  be  t rans fo rmed in to  the  equ iva len t  p rob lem 
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H'  C  E C  3 . 2 . 9  
where  
H '  T *  H T  3 . 2 . 1 0  
and  
C =  T  C 3 . 2 . 1 1  
Prac t i ca l  p rocedures  fo r  ob ta in ing  the  o r thonorma l i t y  t rans fo rma­
t i on  mat r i ces  a re  d iscussed  by  Dav is  (Todd ,  1962) ,  
11 .3 .3  L inear  comb ina t ions  o f  a tomic  o rb i ta l  s  
An  a tomic  o rb i ta l  i s  a  func t ion  o f  the  fo rm 
where  I s  spher i ca l l y  symmet r i c  abou t  the  o r ig in  and  i s  a  spher i ca l  
ha rmon ic  o r  a  s im i la r  func t ion  wh ich  depends  on ly  on  the  spher i ca l  po la r  
coord ina tes ,  6  and  i  . Al though  0^  i s  no t  requ i red  to  be  a  so lu t ion  o f  .  
a  f ree  a tom Har t ree -Fock  Hami l ton ian ,  i t  mus t  sa t i s f y  the  boundary  
cond i t i ons  fo r  bound  s ta te  f ree  a tom so lu t ions .  
A  1  i near  comb ina t ion  o f  a tomic  o rb i ta l  s  (LCAO)  i s  a  symmet ry -
adap ted  func t ion  fo rmed f rom one  a tomic  o rb i ta l  cen te red  abou t  d i f fe ren t  
nuc lea r  s i tes .  In  the  ECM an  LCAO wh ich  t rans fo rms  accord ing  to  the  ECM 
t rans la t ion  g roup  i r reduc ib le  rep resen ta t ion  J< and  i r reduc ib le  represen­
ta t ion  a  o f  the  g roup  o f  the  J<-vec to r  may  be  rep resen ted  as  a  p ro jec t ion  
o f  an  a tomic  o rb i ta l .  
0 j ( r j  =  R j ( r )  Y j (8 ,d )  3 . 3 . 1  
3 . 3 . 2  
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where  ^  is  a  po in t  vec to r  to  a  nuc lea r  s i te .  
So lu t ions  o f  the  ECM Har t ree -Fock  opera to r  may  be  expanded  i n  a  
bas is  o f  LCAO's  fo rmed f rom a  se t  o f  a tomic  o rb i ta l s  accord ing  to  
Equa t ion  3 .3 -2 .  In  genera l  a tomic  o rb i ta l s  cen te red  abou t  d i f fe ren t  
nuc lea r  s i tes  w i l l  over lap  apprec iab ly .  Thus ,  ma t r i x  e lements  be tween  
LCAO's  o f  the  same symmet ry  spec ies  w i th  the  Har t ree -Fock  opera to r  
expressed  i n  te rms  o f  LCAO's  w i l l  i nvo lve  in teg ra ls  w i th  a tomic  o rb i ta l s  
cen te red  abou t  as  many  as  fou r  d i f fe ren t  nuc lea r  s i tes .  Th is  i s  a  
p rac t i ca l  d i f f i cu l t y .  A d i f f i cu l t y  in  p r inc ip le  a r i ses  f rom the  non-
o r thogona l i t y  o f  the  LCAO bas is  func t ions .  i f  the  over lap  be tween  
a tomic  o rb i ta l s  i s  su f f i c ien t l y  la rge ,  the  LCAO bas is  se t  tends  to  become 
overcomp le te .  The  overcomp le teness  i s  man i fes ted  by  a  near l y  s ingu la r  o r  
s ingu la r  over lap  mat r i x .  
i n  ce r ta in  phys ica l  s i tua t ions  i t  may  be  j us t i f i ab le  to  expand  some 
e igen func t ions  in  a  bas is  o f  LCAO's  fo rmed f rom a tomic  o rb i ta l s  wh ich  
a re  so  t i gh t l y  bound  to  ind iv idua l  nuc le i  tha t  o rb i ta l s  cen te red  abou t  
d i f fe ren t  s i tes  in  the  c rys ta l  over lap  neg l ig ib l y .  Th is  i s  the  mot i va ­
t i on  fo r  the  bare - ion  mode l  o f  the  co re  e lec t rons  (Sec t ion  i l l . 2 .1 ) .  
To  the  ex ten t  tha t  the  over lap  i s  neg l ig ib le  a  so lu t ion  o f  the  Har t ree -
Fock  Schroed inger  equa t ion  fo r  the  1PM i n  ques t ion  can  be  cons t ruc ted  
f rom a  s ing le  LCAO.  The  a tomic  o rb i ta l  f rom wh ich  the  LCAO i s  fo rmed 
i s  essen t ia l l y  independen t  o f  the  Jk -vec to r .  I n  th i s  case  the  rep resen­
ta t ion  o f  the  pa i red -sp in  ECM Har t ree -Fock  opera to r  i s  pa r t i cu la r l y  
s imp le ,  
3 . 3 . 3  
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I n  Equa t ion  3 .3 .3  0 -  i  s  the  j - th  func t ion  cen te red  abou t  a tomic  s i te  
J  s  J  n  
s  re la t i ve  to  the  l a t t i ce  vec to r  The  p lane  wave  expans ion  o f  the  
d i rec t  te rm D o f  Equa t ion  3 .3 .3  i s  
D =  P|^  exp ( iK . j i )  3 .3 .4  
where  
pK =  ^ j Zg  exp( iK .R^)  J l0 j ^ (x ) l ^  exp( - iK ' x )  dx  .  3 .3 .5  
The  reg ion  o f  in teg ra t ion  in  Equa t ion  3 .3 .5  i s  a l l  space .  
Cons ider  the  func t ion ,  
"  '  s?„"sn  -  "o  3 .3 .6  
where  
3 .3 .7  
and  
"o  =  "o " '  5  dx  ,  3 .3 .8  
The  number  i s  g iven  by  
Z '  =  2  Z  J  |9 . ^ (xJ |2  dx  .  3 .3 .9  
3  J  J  s  
The  p lane  wave  expans ion  o f  V i s  
V =  Gxp( iK . r j  3 .3 .10  
where  
3 .3 .11  
(  '  i i -B -s  )  J [ -Z^  / r  ^ +  2  S  J I  ^  (  r . ^ ) ]  d  j ^^exp  (  -  i  K*  r . ^  )  ]d j : ^  
•"12 
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With  the  a id  o f  the  i den t i t y ,  
] / r ^2  =  ^  J  dq  q  ^  exp( iq . j2^^ )  ;  3 .3 .12  
Equa t ion  3 .3 .11  may  be ,wr i t ten  as  
3 .3 .13  
=  8% z  exp f iK .Rg j f -Z^  +  2  Z  J lBLg f rg i lZexp f - iK . rg jd rg ] .  
There fo re ,  the  d i rec t  te rm and  a  compensa t ing  pa r t  o f  the  nuc lea r  te rm 
o f  Equa t ion  3 -3 .3  can  be  rep resen ted  by  a  superpos i t i on  o f  a tomic - l i ke  
po ten t ia l s ,  Equa t ion  3 .3 .6 .  
11 .3 .4  Or thogona l i zed  p lane  waves  
The  method  o f  o r thogona l  i zed  p lane  waves  (Her r ing , .  1940)  i s  based  
on  a  pa r t i t i on  o f  the  one-e lec t ron  func t ions  in to  co re  e lec t ron  func t ions  
and  va lence  (o r  non-core )  e lec t ron  func t ions .  The  co re  func t ions  a re  
cons idered  to  have  p robab i l i t y  dens i t y  p redominan t l y  i n  the  reg ion  o f  an  
a tomic  s i te .  
An  o r thogona l i zed  p lane  wave  (OPW)  i s  de f ined  by  
OPW,k)  =  PW,k )  -  Z  ( ^g  ,  PW,k)  3 .4 .1  
where  
P V I , k )  = Oj  exp( i J^ *X . )  3 .4 .2  
and  \ j ; ^  i s  a  symmet ry -adap ted  co re  func t ion  wh ich  t rans fo rms  accord ing  
to  the  t rans la t ion  g roup  i r reduc ib le  rep resen ta t ion  j< .  The  sum on  co re  
func t ions  inc ludes  those  occup ied  co re  func t ions  fo r  wh ich  the  
o r thogona l  i za t ion  coe f f i c ien t ,  
,  PW,k)  =  exp(  i k "  r j  d r .  ,  3 .4 .3  
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i s  no t  requ i red  to  be  ze ro  by  symmet ry .  
A  symmet r i zed  o r thogona l i zed  p lane  wave  (SOPW) i s  de f ined  by  
SOPW;a ,J<)  =  5PW;s ,k )  -  ^  ^ SPW;a  3 . 4 .4  
who  re  
SPW;a ,k )  =  P PW,k )  .  3 .4 .5  
I t  i s  impor tan t  t o  no te  tha t  the  p ro jec t ion  opera to r  P^  i s  app l ied  to  
a  s ing le  p lane  wave  i n  Equa t ion  3 .4 .5 .  Imp l i c i t  i n  the  de f in i t i on  o f  
SOPWs i s  the  requ i rement  tha t  a  i s  an  i r reduc ib le  rep resen ta t ion  o f  the  
g roup  o f  the  assoc ia ted  J<-vec to r .  
i n  the  OPW method  the  non-core  func t ions  a re  expanded  i n  a  l i near  
comb ina t ion  o f  OPWs and  SOPWs.  The  e f fec t  o f  the  co re  te rms  i n  an  OPW 
wave  func t ion  i s  to  o r thogona l i ze  the  p lane  wave  componen t  o f  the  OPW 
func t ion  to  a l l  co re  func t ions  o f  the  same t rans la t iona i  symmet ry .  
Th is  o r thogona l i za t ion  wou ld  be  the  on ly  e f fec t  i f  a  comp le te  se t  o f  
p lane  waves  were  used  i n  the  expans ion .  However ,  i n  p rac t i ce  a  
t runca ted  se t  o f  OPWs i s  used  i n  the  expans ion .  
Suppose  tha t  a  t runca ted  se t  o f  OPWs i s  an  adequa te  bas is  se t  f o r  
the  expans ion  o f  a  no rma l i zed  non-core  func t ion  so lu t ion  o f  a  
Schroed inger  equa t ion ,  
* v  =  K  O P W , k + K )  3 . 4 . 6  
The sum on  K  i n  Equa t ion  3 . 4 .6  inc ludes  modu les  o f  vec to rs  fo r  
2  
wh ich  ( ]<+K)  i nc reases  i n  magn i tude  up  to  the  t runca t ion  po in t .  The  
p lane  wave  expans ion  o f  the  non-core  func t ion  i s  
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*v  =  K "  3 .4 .7 
The  no rma l i za t ion  in teg ra l  fo r  the  non-core  func t ion  i s  
3 .4.8 
Three  express ions  fo r  the  norma l i za t ion  in teg ra l  i n  te rms  o f  the  
expans ion  coe f f i c ien ts  o f  Equa t ions  3 .4 .6 ,  7  a  re  
'  -  i  i c ç l '  -  g  I g  3.4.9a 
3 .4 .9b  
3.4.9c 
where  the  sum o f  l<  i n  the  f i r s t  two  Equa t ions  3 -4 .9  i s  t runca ted  in  the  
same way  tha t  the  OPW expans ion  (Equa t ion  3 .4 .6 )  i s  t runca ted .  
Suppose  tha t  the  on ly  ro le  o f  the  o r thogona l i t y  coe f f i c ien ts  i n  the  
OPW expans ion  i s  to  remove  co re  componen ts  f rom what  i s  essen t ia l l y  a  
p lane  wave  expans ion  o f  non-core  func t ions .  Thus ,  i f  a  p lane  wave  
expans ion  p rov ides  an  adequa te  desc r ip t ion  o f  the  va lence  func t ion ,  then  
no  o r thogona l i t y  con t r ibu t ions  w i l l  occur .  I f  th i s  i s  the  case ,  then  as  
the  number  o f  modu les  o f  j<+ l<  vec to rs  i n  the  OPW expans ion  i s  inc reased  
the  OPW expans ion  coe f f i c ien ts  approach  the  p lane  wave  expans ion  
coe f f i c ien ts  and  the  func t ion .  
approaches  the  non-core  func t ion .  Then ,  the  nega t i ve  de f in i te  o r thogo­
na l i t y  coe f f i c ien t  con t r ibu t ions  to  Equa t ion  3 .4 .9a  mus t  approach  ze ro .  
3 .4 .10  
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Thus ,  the  magn i tude  o f  the  o r thogona l i t y  coe f f i c ien t  con t r ibu t ion  to  the  
OPW no rma l i za t ion  in teg ra l  may  be  an  i nd ica t ion  o f  the  convergence  o f  
the  OPW expans ion .  However ,  t h i s  canno t  be  regarded  as  an  abso lu te  tes t .  
For  examp le ,  i f  i j r ^  i s  a  so lu t ion  o f  the  Schroed inger  equa t ion  w i th  an  
e igenva lue  apprec iab ly  above  the  e igenva lues  fo r  the  low- l y ing  non-core  
so lu t ions ,  then  the  OPW expans ion  w i l l  be  domina ted  by  the  la rger  k+K-
vec to r  modu les  i n  the  OPW expans ion .  S ince ,  the  o r thogona l i t y  coe f f i c ien ts  
decrease  w i th  inc reas ing  J<+JK-vec to rs ,  t he  magn i tude  o f  the  o r thogona l i t y  
coe f f i c ien t  con t r ibu t ions  to  the  OPW no rma l i za t ion  in teg ra l  w i l l  be  
sma l le r  fo r  th i s  reason  a lone .  I f  the  non-core  func t ion  fo r  a  spec ia l  
po in t  i n  the  B r i l l ou in  zone  i s  o r thogona l  t o  a l l  co re  func t ions  by  
symmet ry ,  then  the  magn i tude  o f  the  o r thogona l i t y  coe f f i c ien ts  i s  ze ro  
and  no  i nd ica t ion  o f  convergence  i s  p rov ided .  Thus ,  the  magn i tude  o f  the  
o r thogona l i t y  con t r ibu t ions  to  the  norma l i za t ion  in teg ra l  may  p rov ide  a  
s ign i f i can t  i nd ica t ion  o f  the  convergence  o f  the  expans ion  on ly  fo r  those  
low- l y ing  non-core  func t ions  wh ich  i n te rac t  (have  non-zero  o r thogona l i t y  
coe f f i c ien ts )  w i th  the  co re  func t ions .  
The  OPW expans ion  coe f f i c ien ts  a re  re la ted  to  the  p lane  wave  expan­
s ion  coe f f i c ien ts  o f  a  non-core  func t ion  by  
\  "  c  ^^c '  y  v)  ;  PW,k+ l< ) "  3 .4 .11  
where  fo r  JcJ -K-vec to r  modu les  be low the  t runca t ion  po in t  and  
=  0  o therw ise .  I f  the  t runca ted  p lane  wave  expans ion  y ^  does  no t  
adequa te ly  desc r ibe  the  non-core  func t ion ,  the  o r thogona l i t y  te rms  w i l l  
be  f i n i te .  The  o r thogona l i t y  coe f f i c ien t  con t r ibu t ions  to  fo r  k+K-
vec to r  modu les  be low the  t runca t ion  po in t  may  be  i n te rp re ted  as  remov ing  
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t he  componen t  o f  co re  space  rema in ing  i n  the  approx imate  non-core  
func t ion ,  \ l | ' ^  .  I t  i s  c lea r  tha t  the  o r thogona l i t y  coe f f i c ien t  con t r ibu ­
t i ons  fo r  k+K^vec to r  modu les  above  the  t runca t ion  po in t  canno t  be  
i n te rp re ted  i n  th i s  way .  S ince  these  te rms  invo lve  re la t i ve ly  la rge  
l<+ ]< -vec to rs ,  t he  dominan t  behav io r  o f  the  func t ion  
~  c  ' ^ ' v^  K  ( ^c '  PW,k+K)  3 .4 .12  
i s  a  rap id  osc i l l a t i on  in  the  reg ion  o f  the  a tomic  s i tes .  Her r ing  (1940)  
reasoned  tha t  the  o r thogona l i t y  te rms  m igh t  approx imate  the  rap id  va r ia -
'  t ion  near  the  a tomic  s i tes  o f  the  non-core  func t ions .  S ince  the  rap id l y  
va ry ing  par t  o f  the  non-core  func t ions  canno t  be  expanded  i n  a  sma l l  
number  o f  p lane  vaves ,  the  convergence  o f  a  l i near  comb ina t ion  o f  OPWs 
m igh t  be  s ign i f i can t l y  be t te r  than  the  co r respond ing  p lane  wave  expans ion ,  
i n  the  p reced ing  paragraphs  two  con f l i c t i ng  po in ts  o f  v iew regard ing  
the  convergence  o f  an  expans ion  i n  OPW bas is  func t ions  have  been  deve l ­
oped .  F i r s t l y ,  the  o r thogona l i t y  cond i t i ons  a re  t rea ted  as  i f  the i r  on ly  
func t ion  i s  to  impose  the  fo rma l  requ i rement  tha t  non-core  func t ions  be  
o r thogona l  t o  co re  func t ions .  Second ly ,  the  o r thogona l i t y  cond i t i ons  i n  
add i t i on  to  sa t i s f y ing  the  fo rma l  demands  a re  cons idered  to  add  an  
essen t ia l  componen t  t o  the  non-core  func t ions  wh ich  w i l l  s ign i f i can t l y  
improve  the  convergence  o f  an  OPW expans ion .  The  fac t  tha t  a  l a rge  
number  o f  OPWs i s  needed  i n  the  expans ion  o f  non-core  func t ions  (e .g .  
see  K le inman,  1959)  suppor ts  the  f i r s t  po in t  o f  v iew.  The  f i r s t  po in t  
o f  v iew i s  a l so  suppor ted  by  the  fac t  tha t  the  OPW ca lcu la t ions  fo r  
be ry l l i um by  Her r ing  and  H i l l  ( ISA-O)  f a i l  t o  accoun t  fo r  the  Kn igh t  
sh i f t  i n  meta l l i c  be ry l l i um desp i te  the  apparen t  rap id  convergence  o f  
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t he  non-core  func t ion  e igenva lues ,  Schne ider ,  e t  a l . ,  (1964)  have  
ob ta ined  good  agreement  w i th  the  exper imen ta l  va lue  o f  the  bery l l i um 
Kn igh t  sh i f t  i n  a  ca lcu la t ion  i n  wh ich  the  non-core  func t ions  were  
expanded  i n  a  bas is  se t  o f  OPWs augmented  by  a  2s  t i gh t -b ind ing  func ­
t i on ,  Th is  po in t  w i l l  be  recons idered  i n  the  d iscuss ion  o f  the  resu l t s  
o f  ca lcu la t ions  fo r  Mg^S i .  
The  ro le  o f  the  co re  func t ion  i n  the  convergence  o f  OPW expans ions  
o f  non-core  func t ions  i s  d iscussed  by  He ine  ( l 957b) .  He ine  emphas izes  
the  impor tance  o f  hav ing  co re  func t ions  wh ich  sa t i s f y  the  same c rys ta l  
po ten t ia l  as  the  non-core  func t ions .  Cons ider  the  OPW mat r i x  e lements  
w i th  the  IPM Hami l ton ian  opera to r ,  H  ^  ,  
n  r  
(OPW,k+K,  H^ j ,  OPW,k+K '  )  =  (PW,k+K,  H^p  PW,k+K ' )  3 .4 .13  
-  % (4^  ,PW,k+K)*  ,  PW,k+K')  
I n  Equa t ion  3 .4 .13  the  co re  func t ions  a re  assumed to  be  so lu t ions  o f  the  
Schroed inger  equa t ion ,  
"HF ^  .  3.4 .14  
The  con t r ibu t ions  f rom the  o r thogona l i t y  te rms  to  the  OPW mat r i x  e lements  
invo lv ing  p lane  waves  f rom the  sma l l  j<+K-vec to r  modu les  i s  comparab le  to  
the  con t r ibu t ion  f rom the  p lane  wave  te rm.  For  the  1  a  rge  r  J<+K-vec to r  
modu les  the  k ine t i c  energy  con t r ibu t ion  becomes  p rominen t .  The  low-
l y ing  non-core  func t ions  and  e igenva lues  a re  found  to  be  ve ry  sens i t i ve  
to  changes  i n  the  mat r i x  e lements  wh ich  a re  no t  domina ted  by  k ine t i c  
energy  con t r ibu t ions .  Thus ,  spur ious  con t r ibu t ions  to  these  mat r i x  
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e lements  due  to  inappropr ia te  co re  func t ions  o r  co re  e igenva lues  may  
have  a  d i sas t rous  e f fec t  on  a  ca lcu la t ion .  
i l . 3 .5  The  exchange  p rob lem in  the  c rys ta l  
The  space  g roup  invar ian t  Har t ree -Fock  exchange  opera to r  i s  g iven  
by  Equa t ion  3 .1 .8  spec ia l i zed  to  the  case  ^  •  
A  0 (1 )  =  I '  f4_ . (2 )  H ,2  0 (2 )  d r ,  •£ . ( ! )  3 .5 .1  
The  p r ime  on  the  sum on  reduced  j< -vec to rs  means  tha t  on ly  those  
J<-vec to rs  a re  inc luded  wh ich  canno t  be  re la ted  by  g roup  opera t ions .  
Because  o f  the  symmet ry  p roper t ies  o f  the  exchange  opera to r  on ly  mat r i x  
e lements  be tween  func t ions  o f  the  same symmet ry  need  be  cons ide red .  i n  
the  case  o f  'PM mode ls  based  on  the  ECM and  CECM many-e lec t ron  mode ls  
i t  i s  imposs ib le  to  p red ic t  any  reduc t ion  o r  se lec t i v i t y  be tween  te rms  
o f  the  mat r i x  e lement  wh ich  invo lve  func t ions  o f  d i f fe ren t  symmet ry .  
However ,  i n  the  case  o f  the  SECM the  cou lomb in te rac t ion  2  ' s  invar ian t  
w i th  respec t  to  opera t ions  o f  the  t rans la t ion  g roup  ac t ing  on  e i the r  
coord ina te  separa te ly .  There fo re ,  the  mat r i x  e lements  o f  the  exchange  
opera to r  fo r  the  SECM IPM inc lude  on ly  those  te rms  wh ich  t rans fo rm 
accord ing  to  the  same i r reduc ib le  rep resen ta t ion  o f  the  t rans la t ion  g roup .  
- 1  Th is  i s  a  reduc t ion  i n  the  exchange  con t r ibu t ion  o f  the  o rder  where  
i s  the  o rder  o f  the  t rans la t ion  g roup .  Thus ,  the  SECM 1PM i s  
essen t ia l l y  the  Har t ree  approx imat ion  i n  the  c rys ta l .  
In  the  case  o f  k - independen t  LCAOs the  ECM exchange  opera to r  has  a  
pa r t i cu la r l y  s imp le  fo rm (Equa t ion  3 .3 .3 )  and  the  d i rec t  eva lua t ion  o f  
exchange  mat r i x  e lements  i s  feas ib le .  However ,  i n  genera l  the  d i rec t  
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eva lua t ion  o f  exchange  mat r i x  e lements  i s  l im i ted  by  such  p rac t i ca l  
cons ide ra t ions  as  the  ca lcu la t ion  t ime  and  the  s i ze  o f  the  "memory"  o f  
the  mach ine  on  wh ich  the  ca lcu la t ions  a re  per fo rmed.  One way  o f  
l im i t i ng  the  number  o f  te rms  tha t  need  be  cons ide red  i n  the  ECM exchange  
mat r i x  e lements  i s  to  l im i t  the  s i ze  o f  the  ECM ce l l .  The  co r respond ing  
ce l l  i n  rec ip roca l  space  ( the  Br i l l ou in  zone)  w i l l  con ta in  the  same 
number  o f  reduced  k -vec to rs  as  the  ECM ce l l  con ta ins  l a t t i ce  vec to rs .  
Th is  may  a l so  be  though t  o f  as  a  samp l ing  p rocedure .  The  ECM ce l l  i s  
cons ide red  to  be  l a rge ,  bu t  exchange  i s  computed  fo r  a  samp l ing  o f  
reduced  k -vec to rs  co r respond ing  to  a  sma l l  ECM ce l l .  
In  the  ECM ca lcu la t ions  wh ich  a re  desc r ibed  i n  Sec t ion  I I I  the  
samp l ing  o f  the  B r i l l ou in  zone  co r responds  to  an  ECM ce l l  bounded  by  the  
f i n i te  c rys ta l  vec to rs  
=  2  a , .  i  =  ] ,2 ,3  3 .5 .2  
where  the  a_.  a re  the  p r im i t i ve  la t t i ce  vec to rs .  In  th i s  case  the  
B r i l l ou in  zone  con ta ins  8  reduced  ]< -vec to rs .  Th is  appears  to  be  an  
ex t reme ly  l im i ted  samp le  i n  wh ich  a l l  k  reduced  j< -vec to rs  have  spec ia l  
symmet ry .  A  pa r t i a l  j us t i f i ca t ion  fo r  th i s  samp l ing  p rocedure  i s  tha t  
se l f - cons is ten t  charge  dens i t y  ca lcu la t ions  a re  found  to  be  near l y  the  
same when  ca lcu la ted  fo r  the  samp l ing  o f  k -vec to rs  desc r ibed  above  and  
when  the  samp l ing  i s  ex tended  to  inc lude  512  reduced  j< -vec to rs , ^  
Th is  samp l ing  p rocedure  i s  a l so  d iscussed  by  Ph i l l i ps  and  K le inman 
(1962)  i n  connec t ion  w i th  se l f - cons is ten t  ca lcu la t ions  on  S i .  They  
repor t  tha t  the  Har t ree -Fock  va lence-va lence  exchange  comp le te ly  des t roys  
Goodman,  B . ,  C inc inna t i ,  Oh io .  S i  resu l t s .  P r i va te  commun ica t ion .  
1965.  
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agreement  be tween  the i r  ca lcu la ted  va lue  fo r  the  energy  gap  i n  S i  and  
the  exper imen ta l  va lue .  However ,  t he i r  resu l t s  canno t  be  regarded  as  
conc lus ive  ev idence  fo r  the  fa i l u re  o f  the  Har t ree -Fock  1PM s ince  they  
inc lude  the  exac t  exchange  fo r  on ly  one  mat r i x  e lement  and  approx imate  
the  rema in ing  mat r i x  e lements  by  a  f ree  e lec t ron  j< -vec to r  dependen t  
mode l .  A lso ,  the i r  t rea tment  o f  so -ca l led  s ingu la r  te rms  i n  the  
exchange  mat r i x  e lements  i s  wrong .  These  "s ingu la r "  te rms  may  be  
t rea ted  unambiguous ly  by  adher ing  r i go rous ly  to  the  p lane  wave  expans ion  
o f  the  cou lomb in te rac t ion  (Equa t ion  1 .3 ,3 )  i n  a l l  phases  o f  ca lcu la t ion .  
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111 .  CALCULATION OF THE ENERGY BANDS FOR Mg.S i  
111 .1  Phys ica l  P roper t ies  o f  Mg2Si  
The  c rys ta l  s t ruc tu re  o f  Mg2Si  was  f i r s t  de te rm ined  by  Owen and  
Pres ton  (1924) .  The i r  X - roy  d i f f rac t ion  expor imon ts  showod tha t  the  
S i  a toms fo rm a  face-cen te red  cub ic  l a t t i ce  w i th  l a t t i ce  cons tan t  
a .  =  6 .391  A ( lA  =10^  cm. ) .  Re la t i ve  to  each  S i  a tom a re  8  Mg a toms 
loca ted  a t  the  po in ts  1 /4 (+  11^+  l )a .  The  Mg a toms fo rm a  s imp le  
cub ic  l a t t i ce  w i th  l a t t i ce  cons tan t  l / 2a .  The  pos i t i on  o f  the  a toms i n  
a  un i t  ce l l  i s  shown i n  F igu re  3 .  The  c rys ta l  s t ruc tu re  jus t  desc r ibed  
i s  ca l led  the  an t i - f l ou r i te  s t ruc tu re  (Wycko f f ,  1948 ,  Vo l ,  1 ,  Chap ,  IV ,  
p .  2) .  The space  g roup  i s  Fm3m (O^)  and  the  po in t  g roup  w i th  respec t  t o  
a  S i  cen te r  o f  symmet ry  i s  the  fu l l  cub ic  g roup  m3m (O^^ .  S ince  the  
space  l a t t i ce  i s  face-cen te red  cub ic ,  the  rec ip roca l  l a t t i ce  i s  body-
cen te red  cub ic .  The  B r i l l ou in  zone  fo r  the  body-cen te red  cub ic  rec ip roca l  
l a t t i ce  i s  shown i n  F igu re  4 .  Reduced  J<-vec to rs  o f  spec ia l  symmet ry  a re  
labe led  accord ing  to  the  no ta t ion  o f  Bouckaer t  (1936) ,  
More  recen t  i nves t iga t ions  (K lemm,  1941 ,and  Ageev ,  1952)  o f  the  
c rys ta l  s t ruc tu re  o f  Mg2Si  have  shown the  l a t t i ce  cons tan t  t o  be  
a  =  6 .338A .  Ageev  and  Guseva  (Ageev ,  1952)  ca lcu la ted  the  e lec t ron  
dens i t y  d i s t r i bu t ions  f rom the i r  exper imen ta l  da ta ,  A  rep roduc t ion  o f  
the i r  resu l t s  i s  shown g raph ica l l y  i n  F igu res  5 ,6 ,  In  F igu re  5  the  
e lec t ron  dens i t y  d i s t r i bu t ion  i s  p lo t ted  f rom a  S i  s i te  a long  the  l i nes  
( lOO) j  (110)  and  ( i l l )  and  f rom a  Mg s i te  a long  the  l i ne  (OOl )  ,  In  
F igu re  6  the  e lec t ron  dens i t y  d i s t r i bu t ion  i s  p lo t ted  in  the  ( l lO)  p lane .  
The  a tomic  s i tes  a re  labe led  (A ,B ,e tc , )  t o  co r respond  to  F igure  3 .  The 
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F ig .  3  The  pos i t i on  o f  Mg and  S i  a toms i n  the  bas ic  cube  
F ig .  4  The  B r i l l ou in  zone  fo r  the  face-cen te red  
cub ic  space  l a t t i ce  
67 
A el 
A 3  
(110) (100) 
o 
A  C 
a3  
lOp 
( 1 1 1 )  (001) 
F ig .  5  E lec t ron  dens i t y  d i s t r i bu t ion  fo r  
MggSi  i n  the  d i rec t ions :  
(a ) (100) ,  (b )  ( n o ) ,  ( c) ( ] n ) ,  (d )  (001)  
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F ig .  6  E lec t ron  dens i t y  d i s t r i bu t ion  in  Mg^S i  
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e lec t ron  dens i t y  i n  the  ne ighborhood  o f  a  S i  s i te  i s  observed  to  be  
near l y  spher i ca l l y  symmet r i c  abou t  the  S i  s i te .  The  e lec t ron  dens i t y  
abou t  a  Mg s i te  exh ib i t s  a  s i zab le  d i s to r t i on  f rom spher i ca l  symmet ry .  
An  es t ima te  o f  the  i on ic i t y  o f  the  a tomic  cons t i tuen ts  was  ob ta ined  by  
ca lcu la t ing  the  number  o f  e lec t rons  near  the  S i  and  Mg s i tes  f rom a  
spher i ca l  approx imat ion  to  the  Ageev  and  Guseva  charge  dens i t y .  Th is  
admi t ted ly  rough  es t ima te  accoun ted  fo r  10  o f  the  12  Mg e lec t rons  and  
o3  
a l l  14  o f  the  S i  e lec t rons .  From Ageev  and  Guseva 's  quo ta t ion  ( .2e l /A  )  
o f  the  charge  dens i t y  i n  the  reg ion  o f  the  S i -S i  bond  i t  appears  tha t  a t  
l eas t  one  o f  the  rema in ing  e lec t rons  i s  invo lved  in  the  S i -S i  bond .  
P resumab ly ,  the  one  rema in ing  e lec t ron  i s  shared  by  the  S i  and  Mg a toms 
i n  the  S i -Mg bond .  However ,  t h i s  shou ld  no t  be  taken  too  se r ious ly  s ince  
Ageev  and  Guseva  po in ted ly  re fuse  to  es t ima te  the  i on ic i t y .  They  a rgue  
tha t  the  absence  o f  a  sharp  boundary  be tween  the  separa te  ions  makes  an  
es t ima te  o f  the  i on ic i t y  imposs ib le .  Th is  i s  p robab ly  the  mos t  rea l i s t i c  
assessment  o f  the  s i tua t ion ,  Wh i t ten  (196$)  es t ima tes  the  Mg i on ic i t y  to  
be  .66e .  One can  ob ta in  th i s  resu l t  by  assuming  tha t  the  2  e lec t rons  in  
the  S i -Mg bond  a re  shared  on  a  1 /3  -  2 /3  bas is  (Lo t t ,  I965) .  A l though  
the  ex ten t  o f  the  ion ic  charac te r  o f  the  Mg a tom in  Mg2Si  i s  no t  
de te rm ined  i t  i s  c lea r  tha t  a  se l f - cons is ten t  ca lcu la t ion  o f  the  
e lec t ron ic  energy  l eve ls  mus t  be  su f f i c ien t l y  f l ex ib le  to  a l l ow fo r  
charge  t rans fe r  f rom a  Mg t o  a  S i  a tom and  inc lude  the  e f fec ts  o f  the  
unsc reened  Mg nuc leus .  
Mg2S i  i s  a  semiconduc to r .  The  energy  gap  has  been  de te rm ined  bo th  
e lec t r i ca l l y  and  op t i ca l l y .  The  resu l t s  f rom the  va r ious  measurements  o f  
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t he  energy  gap  have  been  summar ized  and  d iscussed  by  S te l l a  (1964) .  
The  e lec t r i ca l  gap  i s  J ley ,  the  op t i ca l  gap  i s  abou t  .67ev  and  the  
pho toconduc t i ve  gap  i s  ,655ev  a t  15°K .  
The  p robab le  symmet r ies  o f  the  va lence  leve ls  and  low- l y ing  con­
duc t ion  leve ls  may  be  p red ic ted  fo r  the  po in ts  P j ,  X ,  and  L  by  
cons ide r ing  the  dominan t  te rms  wh ich  wou ld  occur  i n  a  LCAO ca lcu la t ion  
o f  these  energy  l eve ls .  For  t h i s  purpose  LCAOs fo rmed f rom the  3s  and  
3p  a tomic  o rb i ta l  s  w i l l  be  cons ide red .  I n  the  case  o f  Mg symmet ry -
adap ted  LCAOs fo rmed f rom s  and  p - t ype  func t ions  cen te red  abou t  Mg s i tes  
cons is t  o f  symmet r i c  (Mg^)  and  an t i - symmet r i c  (Mg )  comb ina t ions  o f  the  
Mg o rb i ta l  s  cen te red  abou t  the  two  Mg s i tes  in  an  e lementa ry  ce l l .  In  
Tab le  2  a re  l i s ted  the  symmet ry  spec ies  o f  the  Mg and  S i  LCAOs fo r  the  
po in ts  T j  X j  and  L .  
Tab le  2 .  Symmet ry  spec ies  wh ich  occur  i n  LCAOs fo rmed f rom Mg and  S i  
s  and  p  o rb i ta l s  a t  F j  X ;  and  L .  
LCAO Symmet ry  spec ies  
r  X L  
S i  s  
n  ^1  h  
S i  p  
^15  ^4 '  ^5 '  1-21  ^31  
Mg+ s  
^1  S  h  
Mg-  s  
^2 '  ^2 '  
Mg+ p  
^15  ^2  1-2. 1-31 
Mg-  P  
^25 '  ^1  S  S  h  
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Since  Mg2Si  i s  a  semiconduc to r  the  va lence  leve ls  a t  F  mus t  be  T j  and  
From the  charge  dens i t y  resu l t s  we expec t  the  dominan t  LCAOs t o  
be  fo rmed f rom S i  func t ions ,  i t  i s  l i ke ly  tha t  the  low- l y ing  conduc t ion  
leve ls  a t  r  w i l l  be  F j  and  Fg ,  s ince  the  m ix ing  be tween  the  S i  and  Mg 
F^  func t ions  i s  no t  l i ke l y  to  be  la rge  and  the  Mg p - func t ions  a lmos t  
ce r ta in l y  mus t  l i e  above  the  Mg s - func t ions  as  i n  the  f ree  a tom.  Thus ,  
the  p robab le  o rder  o f  the  va lence  leve ls  and  low- l y ing  conduc t ion  leve ls  
a t  F  i s  Fp  F j ^ ,  Fg i ;  .  By compat ib i l i t y  w i th  the  F  va lence  ass ign ­
ment  the  va lence  leve ls  a t  X mus t  be  X^ ,  and  the  va lence  leve ls  
a t  L  mus t  be  L^ ,  .  A t  L  the  m ix ing  be tween  the  Mg LCAO 
and  the  S i  L^ ,  LCAO may  be  qu i te  s t rong ,  sugges t ing  tha t  the  ,  va lence  
leve l  w i l l  l i e  apprec iab ly  be low the  L^ ,  va lence  l eve l .  For  t h i s  reason  
i t  i s  d i f f i cu l t  to  p red ic t  the  symmet ry  o f  the  low- l y ing  conduc t ion  leve l  
a t  L ,  Wi th in  th i s  scheme the re  a re  th ree  cho ices ,  L^ , ,  w i th  
as  the  mos t  l i ke l y  cho ice .  A t  X the  S i  X^ ,  LCAO m ixes  w i th  the  Mg LCAO 
o f  th i s  symmet ry .  Thus ,  the  low- l y ing  conduc t ion  leve l  a t  X  mus t  be  X^ .  
Wh i t ten  (1964)  f i nds  tha t  the  conduc t ion  band  min imum occurs  i n  the  
( 1 , 0 , 0 )  d  i  rec t  i on ,  
111 .2  Formu la t ion  o f  the  Ca lcu la t ion  
111 .2 .1  The  ba re - ion  mode l  f o r  the  co re  e lec t rons  
The  ca lcu la t ions  w i l l  be  fo rmu la ted  spec i f i ca l l y  fo r  the  IPM based  
on  the  Har t ree -Fock  approx imat ion  to  Ae  ECM.  The  fo rmu la t ion  o f  the  
ca lcu la t ions  based  on  the  SECM o r  CECM many-e lec t ron  mode ls  w i l l  be  
t rea ted  as  a  spec ia l i za t ion  o f  the  ECM ca lcu la t ions .  
In  se l f - cons is ten t  ca lcu la t ions  the  Har t ree -Fock  opera to r  i t se l f  i s .  
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no t  known.  A  ze ro th -o rder  approx imat ion  to  the  Har t ree -Fock  opera to r  i s  
made.  The  so lu t ions  o f  th i s  p rob lem a re  ob ta ined  and  then  used  to  fo rm 
an  improved  Har t ree -Fock  opera to r .  I t  i s  essen t ia l  tha t  the  fo rmu la t ion  
o f  the  ca lcu la t ion  be  f l ex ib le  enough  so  tha t  a  se l f - cons is ten t  i t e ra t i ve  
p rocedure  i s  p rac t i ca l .  
i n  the  reg ion  abou t  a  nuc lea r  s i te  the  cou lomb ic  a t t rac t ion  o f  the  
nuc lea r  charge  w i l l  be  the  dominan t  fac to r  govern ing  the  d i s t r i bu t ion  o f  
e lec t ron  p robab i l i t y  dens i t y .  The  wave  func t ion  (co re  func t ion )  fo r  an  
e lec t ron  (co re  e lec t ron )  whose  p robab i l i t y  dens i t y  l i es  p redominan t l y  i n  
the  v i c in i t y  o f  a  nuc lea r  s i te  shou ld  c lose ly  resemb le  the  co r respond ing  
f ree  a tom o r  f ree  ion  wave  func t ion  in  th i s  reg ion .  Thus ,  the  wave  func ­
t i on  in  the  c rys ta l  shou ld  be  we l l -desc r ibed  by  a  s ing le  LCAO o r  a  l i near  
comb ina t ion  o f  a  sma l l  number  o f  LCAOs fo rmed f rom the  low- l y ing  a tomic  
wave  func t ions  (o rb i ta l s ) .  Core  LCAO's  a re  de f ined  to  be  s ing le  LCAOs 
fo rmed f rom those  a tomic  o rb i ta l s  (co re  o rb i ta l s )  wh ich  when  cen te red  
abou t  d i f fe ren t  nuc lea r  s i tes  in  the  c rys ta l  over lap  neg l ig ib l y  w i th  one  
ano ther .  
I n  the  bare - ion  mode l  f o r  the  co re  e lec t rons  a  f i r s t  approx imat ion  
i s  ob ta ined  fo r  the  co re  func t ions  and  e igenva lues ,  i n  th i s  mode l  a l l  
e f fec ts  due  to  occup ied  non-core  (va lence)  o rb i ta l s  a re  neg lec ted .  The  
dominan t  e f fec ts  o f  the  va lence  e lec t rons  a re  inc luded  se l f - cons is ten t  1  y  
i n  the  nex t  s tage  o f  ca lcu la t ion .  
The  Har t ree -Fock  opera to r  fo r  the  ba re - ion  mode l  i s  fo rmed f rom core  
LCAOs.  I n  Sec t ion  11 .3 .3  an  express ion  (Equa t ion  11 .3 .3 .3 )  was  g i ven  fo r  
the  Har t ree -Fock  opera to r  fo rmed f rom func t ions  hav ing  the  p roper t ies  o f  
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core  LCAOs.  The  ba re - ion  Har t ree -Fock  opera to r  i s  
.  _ ,2  +  -  Acore  2 .1 .1a  
where  
yCùre  ^  2  V +  -  V .  2 .1 .1b  
s  ; n  sn  o  
In  a re  inc luded  the  d i rec t  po ten t ia l  due  to  the  co re  e lec t rons  and  
the  en t i re  nuc lea r  po ten t ia l .  Each  (Equa t ion  11 .3 .3 -7 )  con ta ins  the  
po ten t ia l  due  to  the  co re  e lec t rons  assoc ia ted  w i th  nuc lea r  s i te  s  
p lus  the  po ten t ia l  due  to  nuc lea r  charges  a t  the  same s i te .  The  
po ten t ia l  due  to  the  rema in ing  nuc lea r  charges  (Z^° "  =  Z^  -  Z^)  i s  
H ' ° "  =  exp( iK ._ r )  2 .1 .2a  
where  
=  ^&Z^° "ex2( - iK -Rg)  .  2 .1 .2b  
The  co re  exchange  opera to r  i s  
acore  ^  
j s  ,n  " l 2  "^12  ^ j s^n^^^  ^ -2  
where  0. i s  a  co re  o rb i ta l  w i th  index  j  cen te red  a t  nuc lea r  s i te  s  i n  J  s ,n  
the  e lementa ry  ce l l  assoc ia ted  w i th  l a t t i ce  vec to r  R .  V i s  the  ECM 
—n o  
average  o f  the  a tomic - l i ke  po ten t ia l ,  
sT fVs  (%)  dx  .  2 .1 .4  
In  Mg^S i  the  c losed  she l l s  o rb i ta l  s  co r respond ing  to  doub ly  i on ized  Mg 
and  4 - t imes  ion ized  S i  a re  regarded  as  de f in ing  the  co res .  Thus ,  
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= 2  and  =  4  in  Equa t ion  2 .1 .2b .  
i n  the  v i c in i t y  o f  a  nuc lea r  s i te  s  the  dominan t  behav io r  o f  the  
ion  te rm i s  
H ' ° "  S  -  2Z^° " / r "  +  v f  '  2.1 ,5  
where  i s  the  Made lung  sh i f t  assoc ia ted  w i th  a tom s .  The  Made lung  
sh i f t s  fo r  the  Mg and  S i  a toms co r respond ing  to  doub ly  i on ized  Mg and  
4 - t imes  ion ized  S i  a re  2 .4038Ry and  S .SSSRy,  respec t i ve ly .  The  sh i f t s  
quo ted  above  were  ca lcu la ted  f r om t ab les  p repared  by  S la te r  and  DeCicco  
(1963) .  
I n  the  v i c in i t y  o f  a  nuc lea r  s i te  the  bare - ion  Har t ree -Fock  opera to r  '  
i s  essen t ia l l y  a  f ree  ion  Har t ree -Fock  opera to r .  The  e igën func t ions  a re  
s ing le  LCAOs fo rmed f rom the  f ree  ion  a tomic  o rb i ta l s .  The  e igenva lues  
a re  sh i f ted  f rom the i r  a tomic  va lues  by  the  respec t i ve  Made lung  sh i f t s  and  
the  cons tan t  sh i f t  V  .  
o  
Equa t ion  2 .1  .5  i s  an  approx imat ion  to  the  ion ic  te rm wh ich  i s  
s t r i c t l y  va l id  on ly  a t  the  nuc lea r  s i te .  A numer ica l  i nves t iga t ion  o f  the  
behav io r  o f  th i s  te rm ind ica tes  tha t  co re  e igenva lues  ca lcu la ted  in  th i s  
approx imat ion  w i l l  be  w i th in  .2Ry  o f  the  exac t  va lue .  An  a t tempt  was  made 
t o  incorpora te  the  ion ic  co r rec t ion  in to  the  f ree  ion  a tomic  ca lcu la t ion  
exac t l y .  The  i on ic  po ten t ia l  was  wr i t ten  as  an  Ewa ld  sum (Equa t ion  
11 .1 .4 .5 ) .  The  Ewa ld  pa ramete r  was  chosen  to  emphas ize  the  p lane  wave  
se r ies  and  the  heav i l y  sc reened  l a t t i ce  sum te rms  f rom the  ne ighbor ing  
s i tes  were  neg lec ted .  The  method  fa i l ed  because  the  resu l t s  were  dependen t  
on  the  Ewa ld  pa ramter .  However ,  i t  was  ev iden t  f rom th i s  ca lcu la t ion  tha t  
the  e f fec t  o f  the  Ion ic  po ten t ia l  on  the  behav io r  o f  co re  func t ions  i s  
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neg l ig ib le  and  tha t  the  e igenva lues  a re  sh i f ted  by  near l y  a  cons tan t  ( the  
2p  and  2s  e igenva lues  were  sh i f ted  s l i gh t l y  more  than  the  I s  e igenva lues ) .  
In  v iew o f  the  fac t  tha t  Equa t ion  2 .1 .5  i s  an  approx imat ion ,  the  sens i ­
t i v i t y  o f  the  non-core  e igenva lues  to  sma l l  sh i f t s  o f  the  co re  e igenva lues  
w i l l  be  cons ide red  in  the  non-core  ca lcu la t ion .  In  Sec t ion  111 .3  we f i nd  
tha t  the  non-core  e igenva lues  a re  more  sens i t i ve  to  sh i f t s  i n  the  Mg co re  
l eve ls  than  we wou ld  l i ke .  
The  va lence  e lec t ron  con t r ibu t ions  to  the  ECM Har t ree -Fock  opera to r  
a  re  
H j /a l  ,  „va l  ^  ^va l  ^  = , , , , 6  
The  e f fec t  o f  the  va lence  te rms  on  the  co re  func t ions  and  e igenva lues  i n  
the  ECM Har t ree -Fock  opera to r  shou ld  be  comparab le  t o  the  co r respond ing  
e f fec t  i n  the  f ree  a tom.  To  es t ima te  the  magn i tude  o f  the  e f fec t  the  
neu t ra l  a tom core  e igenva lues  fo r  Mg and  S i  (C lement i ,  1965)  were  compared  
w i th  the  co re  e igenva lues  fo r  doub ly  i on ized  Mg and  4 - t imes  ion ized  S i .  
The  remova l  o f  the  va lence  e lec t rons  f rom the  neu t ra l  a toms lowered  the  
co re  e igenva lues  by  a  near l y  cons tan t  amount .  S ince  the  Mg i ons  i n  the  
c rys ta l  do  no t  seem to  be  sc reened  ve ry  we l l  by  the  va lence  e lec t rons ,  the  
Mg ba re - ion  co re  leve ls  shou ld  s tay  near l y  the  same and  the  S i  ba re - ion  
co re  leve ls  shou ld  be  ra i sed  by  abou t  1  Ry .  I t  has  been  necessary  to  
neg lec t  the  va lence  exchange  (A^^^ )  w i th  co re  func t ions .  The  p r inc ipa l  
e r ro r  made i n  neg lec t ing  th i s  te rm i s  a  sma l l  nega t i ve  sh i f t  o f  the  S i  
co re  leve ls .  
The  bas ic  assumpt ion  on  wh ich  se l f - cons is ten t  ca lcu la t ions  based  on  
the  bare - ion  mode l  ze ro th -o rder  approx imat ion  depend  i s  tha t  the  va lence  
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sc reen ing  po ten t i a l  can  be  expanded  i n  a  l im i t ed  number  ( IOO -5OO) 
o f  p l ane  waves .  Va lence  sc reen ing  co r rec t i ons  t o  t he  ba re - i on  co re  
so lu t i ons  a re  ob ta i ned  t h rough  expans ions  o f  ^ i n  p l ane  waves .  I t  
i s  poss ib l e  t ha t  t he  co re  co r rec t i ons  a re  s l i gh t l y  unde res t ima ted .  
Howeve r ,  t h i s  may  be  pa r t i a l l y  compensa ted  by  t he  neg lec t  o f  va lence  
exchange  w i t h  co re  f unc t i ons .  
! ! 1 . 2 .2  A  se l f - cons i s t en t  p rocedu re  
The  s t a r t i ng  po in t  f o r  se l f - cons i s t en t  ca l cu la t i ons  i n  t he  c r ys ta l  
i s  t he  ba re - i on  mode l  f o r  t he  co re  e l ec t r ons .  The  ze ro th -o rde r  
Ham i l t on ian  ope ra to r  f o r  t he  c r ys ta l  i s  t he  ba re - i on  Ha r t r ee -Fock  ope ra to r  
(Equa t i on  2 .1  . 1 )  .  
A l l  e i gen func t i ons  ( co re  and  non -co re )  a re  app rox ima ted  by  l i nea r  
comb ina t i ons  o f  a  se t  o f  bas i s  f unc t i ons  cons i s t i ng  o f  symmet r y -adap ted  
ba re - i on  co re  f unc t i ons  augmen ted  by  a  l im i t ed  number  o f  SOPWs.  The  
SOPWs cons i s t  o f  symmet r i zed  comb ina t i ons  o f  p l ane  waves  o r t hogona l i zed  
t o  t he  ba re - i on  co re  f unc t i ons .  
The  f i r s t  s tep  i n  t he  se l f - cons i s t en t  p rocedu re  i s  t o  ca l cu la te  t he  
e i gen func t i ons  and  e i genva lues  o f  t he  ba re - i on  Sch roed inge r  equa t i on  f o r  
a  r ep resen ta t i ve  samp l i ng  o f  t he  po in t s  i n  t he  B r i l l ou i n  zone .  An  
imp roved  Ha r t r ee -Fock  ope ra to r  i s  f o rmed  i n  t he  f o l l ow ing  way .  The  p l ane  
wave  expans ion  coe f f i c i en t s  o f  t he  cha rge  dens i t y  a re  ca l cu la ted  f r om t he  
new  e i gen func t i ons  f o r  t he  occup ied  s t a tes .  The  expans ion  o f  t he  cha rge  
dens i t y  i s  l im i t ed  t o  IOO - 5 O O  p lane  waves .  The  d i r ec t  t e rm  o f  t he  
Ha r t r ee -Fock  ope ra to r  i s  ca l cu la ted  f r om t he  cha rge  dens i t y .  A t  each  
s t age  t he  d i r ec t  t e 'm  o f  t he  imp roved  Ha r t r ee -Fock  ope ra to r  i s  t aken  t o  be  
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t he  average  o f  the  d i rec t  te rm in  the  p reced ing  opera to r  w i th  the  d i rec t  
te rm ca lcu la ted  f rom the  charge  dens i t y .  The  exchange  opera to r  o f  the  
improved  Har t ree -Fock  opera to r  i s  fo rmed f rom the  e igen func t ions  fo r  
occup ied  s ta tes .  No averag ing  i s  done .  Th is  p rocess  i s  then  repea ted .  
A t  each  s tage  o f  i t e ra t ion  improved  e igen func t ions  and  e igenva lues  a re  
ca lcu la ted  f rom the  Har t ree -Fock  opera to r  ob ta ined  in  the  p rev ious  s tage  
c f  i t e ra t ion .  An  improved  Har t ree -Fock  opera to r  i s  then  ca lcu la ted  f rom 
the  new e igen func t ions .  The  p rocess  i s  d iscon t inued  when  the  changes  i n  
the  Har t ree -Fock  opera to r  cause  neg l ig ib le  changes  i n  the  e igenva lues  and  
d i rec t  po ten t ia l .  Abou t  f i ve  i te ra t ions  a re  norma l l y  requ i red .  
In  Sec t ion  111 .2 .3  the  ca1cu la t iona1  p rocedure  i s  d iscussed  i n  
de ta  i l .  
111 .2 .3  Eva lua t ion  o f  mat r i x  e lements  
The  Har t ree -Fock  opera to r  fo r  the  c rys ta l  i s  wr i t ten  In  te rms  o f  
co re  and  va lence  con t r ibu t ions  (Equa t ions  2 .1 .1 ,6 )  as  
The  bas is  se t  cons is ts  o f  ba re - ion  co re  func t ions  and  SOPWs (Equa t ion  
11 .3 .3 .4 ) .  The  ba re - ion  co re  func t ions  a re  symmet ry -adap ted  e igen func -
r  . . co re  
11  ons  o f  Hj_ jp  J  
Th is  p roper ty  i s  u t i l i zed  in  fo rm ing  the  mat r i x  e lements .  
Con t r ibu t ions  due  to  va lence  exchange  w i th  co re  func t ions  i s  
neg lec ted .  The  e r ro r  made by  neg lec t ing  va lence-core  exchange  i s  
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d iscussed  i n  Sec t ion  111 .3 .  
The  co re -co re  mat r i x  e lements  have  the  fo rm 
and  
and  
( •c  "HT *e '  )  -  ^  «ce '  2 -3 .3a  
"hp '  •  2 .3 .3b  
The  co re -va lence  mat r i x  e lements  a re  
( *c '  SOPW:a ,k )  =  SOPW;a ,k )  =  0  2 .3 .4a  
"hp '  SOPW;  a ,k )  % SOPW;a ,k )  .  2 .3 .4b  
"he  va lence-va lence  mat r i x  e lements  a re  
(SOPW;a ,k^  sOPW; a ,k / )  =  (SPW;a ,k^  spW; a ,k ' )  
Z  SPW;a ,k )^  SPW;a ,k / )  2 .3 .5a  
and  
(SOPW;a ,k ,  SOPW;a ,k ' )  =  (SOPW;a ,k ,  SOPW;a ,k ' )  
+  (SPW;a ,k ,  SPW;a ,k ' )  .  2 .3 .5b  
The  te rms  Invo lv ing  the  va lence  sc reen ing  po ten t ia l  ^ a re  
eva lua ted  by  expand ing  ^ i n  p lane  waves .  S ince ,  the  space  g roup  fo r  
the  an t i - f1  our i te  s t ruc tu re  i s  symmorph ic .  
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. va l  _  2  va l  
= [K] 'm "[K] F(0<]) 2.3.6a 
where  
F ( rK ] )  =  S r ry i  exp( iK . rJ  2 .3 .6b  
and  i s  the  number  o f  rec ip roca l  l a t t i ce  vec to rs  i n  the  modu le  [KJ .  
Le t  J  
[K ]  
P  c^c '  =  (Vc '  F( [K] )Vc ' )  ,  2.3.7a 
=  ( ^c '  SPW;a ,k )  ,  2 .3 .7b  
a  nd  
Pa^k iL jk '  =  (SPW;a,k ,  F( [K] )  SPW;a,k / )  .  2.3.7c 
In  te rms  o f  the  de f in i t i ons  (Equa t ions  2 ,3 .7 )  o f  the  charge  dens i t y  
mat r i ces  the  con t r ibu t ions  to  the  mat r i x  e lements  due  to  the  va lence  
sc reen ing  po ten t ia l  a re  
'  ca " [K ]  ^ [K ]  '  2.3 -8 "  
N [K ]  -  5  'cTa lk  PcTe ' ]  ,  
2.3 .8b  
and  
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(SOPW;a ,k ,  V« '  SOPW;a ,k . )  = | . | ^  N | . y  
-  ELmi  , [ (< ]  +  [0 ]  [K ]  !  
c l rc ;a ,k  ^c ;a ,J< '  ' ^c ;a ,k '  ^c ;a ,k  
+  Z  ,  0  [0 ]  p  [0 ]  pC i i l  
C jC  c ;a , ^  Pc ' ;a ,k_ '  C jC '_  
k '  •* "  
2 .3 .8c  
The  o r thogona l i t y  coe f f i c ien ts  a re  a  spec ia l  case  o f  the  charge  dens i t y  
mat r i x  (Equa t ion  2 .3 .7b) ,  
( *c ,SPW;a ,k j  =  .  2 .3 .9  
Cons ider  the  f i r s t  te rm in  the  r i gh t  member  o f  Equa t ion  2 ,3 .5a .  
Th is  may  be  wr i t ten  w i th  the  a id  o f  Equa t ion  2 .1 .1  as  
(SPW;a ,k ,  SPW;a ,k ' )  =  (SPW;a ,k ,  -  V SPW;a ,k / )  2 .3 .10  
+ (SPW ; a , k ,  s P W ; a ,k/) -  (SPW ; a ,k^ spW ; a ,k ' )  
where  fo r  th i s  purpose  we choose  to  represen t  as  a  p lane  wave  
expans  i  on  
V] "sr 
The k ine t i c  energy  te rm i s  
(SPW;a ,k ,  -  SPW;a ,k ' )  =  k f  '  2 .3 .12a  
The  con t r ibu t ion  due  to  the  d i rec t  and  nuc lea r  po ten t ia l s  i s  
(SPW;a ,k ,  V  SPW;a^k ' )  =  ^ [K ]  Pa7k ;a ,k ' '  
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The method  used  to  eva lua te  the  co re -va lence  exchange  mat r i x  e lements  i s  
desc r ibed  in  the  append ix  (Sec t ion  V I .2 .3 ) .  S ince  the  co re  func t ions  
a re  no t  expec ted  to  change  apprec iab ly  i n  the  i t e ra t ion  p rocedure ,  the  
co re -va lence  exchange  mat r i x  e lements  a re  inc luded  in  the  Hami l ton ian  
mat r i x ,  bu t  a re  no t  a l te red  in  the  se l f - cons is ten t  scheme.  
Cons ider  the  second  te rm in  the  r i gh t  member  o f  Equa t ion  2 .3 .5b .  
The  va lence  exchange  opera to r  i s  
( 2 )  H , 2  P , 2  • „ ( 2 )  d £ 2  .  2 . 3 . 1 3  
The va lence  func t ions  a re  fo rmed f rom l i near  comb ina t ions  o f  SOPV/s .  
These  a re  approx imated  by  a  l i near  comb ina t ion  o f  SPWs.  Th is  approx ima­
t i on  shou ld  be  qu i te  good ,  s ince  the  co re  o r thogona l i za t ion  con t r ibu t ion  
to  the  va lence  func t ions  i s  observed  to  be  sma l l .  
Le t  
0^  =  (SPW;a ,k+K^ ,  SPWia jk+Kg,  )  2 .3 .14  
be  a  row mat r i x  whose  componen ts  a re  the  SPWs wh ich  occur  i n  the  SPW 
expans ion  o f  the  va lence  func t ion  • i j ^  .  Then ,  
2 -3 .15  
where  b^  i s  a  co lumn mat r i x  whose  componen ts  a re  the  SPW expans ion  
coe f f i c ien ts .  In  th i s  no ta t ion  the  va lence-va lence  exchange  mat r i x  
e lements  a re  expressed  as  
(SPW;a ,k ,  SPW;a ,k . )  =  % " v  
where  ,  i s  a  va lence-va lence  exchange  supermat r i x  e lement .  
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Al ,k ;a ,k '  =  (5PW;a ,k ,  p+(2 )  9^ (2 )  SPW;a ,k ; )  .  2 .3 .16b  
A t yp ica l  i n teg ra l  wh ich  occurs  i n  ca lcu la t ing  the  supermat r i x  
e lements  i s  2  3  17  
(PW^k^+K^-kg-Kg ,  H ,2  PW^k^+K^  -  k^ -K^ )  =  8n6K, -K2 ,K j -K^  
^1 (Ji] 
where  i f  the  denomina to r  i s  ze ro  the  in teg ra l  i s  ze ro .  A  ze ro  denomin ­
a to r  i n  Equa t ion  2 .3 .17  co r responds  to  the  jç=0_  t e rm in  the  p lane  wave  
expans ion  o f  the  ECM cou lomb po ten t ia l  (Equa t ion  11 .1 .3 -3 ) .  Thus ,  the  
in teg ra ls  wh ich  occur  i n  the  va lence-va lence  exchange  mat r i x  e lements  a re  
ve ry  s imp le .  However ,  t he re  i s  an  immense  number  o f  them even  when  the  
samp l ing  o f  the  B r i l l ou in  zone  i s  l im i ted  to  the  p r inc ipa l  symmet ry  
po in ts ,  r ,  X j  and  L .  
The  ca lcu la t ions  have  been  per fo rmed on  an  IBM d ig i ta l  compute r .  
The  Iowa S ta te  Un ive rs i t y  ve rs ion  o f  th i s  mach ine  has  a  d i rec t  access  
(co re )  s to rage  capac i t y  o f  20 ,000  words  o f  10  d ig i t s  each .  i n  add i t i on  
the re  a re  6  tape  un i t s  ava i lab le  fo r  p rogrammer  use .  There  a re  ava i lab le  
two  For t ran  comp i le rs  and  a  bas ic  language  (Au tocoder )  comp i le r .  The  
Au tocoder  language  p rov ides  an  ex t reme ly  f l ex ib le  symbo l i c  language .  
For  th i s  reason  the  key  p rograms fo r  th i s  ca lcu la t ion  have  been  wr i t ten  
in  Au tocoder ,  I n  the  fo l l ow ing  paragraphs  the  ca lcu la t ions  w i l l  be  
desc r ibed  w i th  re fe rence  to  mach ine  p rocedures  and  capab i l i t i es .  
The  ba re - ion  ca lcu la t ions  have  been  p rogrammed i n  For t ran .  Se l f -
cons is ten t  so lu t ions  o f  the  Har t ree -Fock  a tomic  p rob lem have  been  
ob ta ined  i n  te rms  o f  a  f i n i te  bas is  o f  ana ly t i c  func t ions .  The  rad ia l  
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f unc t ions  a re  expanded  i n  a  bas is  o f  S la te r  func t ions ,  SF(a jn ) ,  
R . ( r )  =  2  C(a ,n )  SF(a jn )  2 .3 .18a  
J  a^n  ^  '  
where  
SF(a jn )  =  r "  exp( -a r )  .  2 .3 .18b  
The  angu la r  func t ions  a re  expressed  as  cub ic  harmon ics .  The  exp l i c i t  
fo rm wh ich  i s  chosen  fo r  the  a tomic  o rb i ta l  s  i s  
u^  =  2 .3 .18c  
fo r  s  func t ions  and  
,  =  R j ,  (3 /4%)  ( x . / r ) ,  != l ,2 ,3  2 .3 . i8d  
fo r  p  func t ions .  
The  p rograms have  been  checked  by  repea t ing  ca lcu la t ions  by  C lement i  
(1965)  f o r  severa l  cases .  Exce l len t  agreement  w i th  dement i ' s  resu l t s  
was  ob ta ined .  Severa l  o f  the  in teg ra ls  wh ich  occur  i n  the  a tomic  ca l ­
cu la t ion  a re  desc r ibed  i n  the  append ix  (Sec t ion  V I .2 .2 ) .  
Rea l  ma t r i x  e lements  a re  ob ta ined  by  choos ing  the  o r ig in  o f  
coord ina tes  a t  a  S i  s i te  and  by  choos ing  the  bare - ion  co re  o rb i ta l s  
as  the  fo l l ow ing  comb ina t ions  o f  the  a tomic  o rb i ta l s  u^^  ,  
^JSi  ^ jS i  "  2 .3 .19a 
^ jMg(+)  ^  ^ " jMg^^^  2.3 .19b 
\ 
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and  
^ j M g ( - )  ^  ^  Y j  '  ^  *  2 . 3 . 1 9 c  
The fac to r  i s  a  phase  fac to r  wh ich  i s  taken  to  be  ( l , i )  i f  the  
a tomic  o rb i ta l  u .  i s  an  ( s ,p )  func t ion .  The  po in t  vec to r  R, ,  =  
J  \  j r /  r  - M g  
(1  J  1J1  )a /4 .  
Symmet ry -adap ted  ba re - ion  co re  func t ions  a re  ob ta ined  by  the  p ro ­
jec t ion  opera to r  techn ique  desc r ibed  i n  the  append ix  (Sec t ion  V I .1 ) .  
The  t rans la t iona1  symmet ry -adap ted  ba re - ion  co re  func t ions  a re  
prli = 2 exp(ik.R ) Ç!. 2 , 3 . 2 0  
J  s  o  n  n '  j s ^ n  
where  Ç! .  i s  a  ba re - ion  co re  o rb i ta l  (Equa t ions  2 .3 .19)  fo rmed f rom J  s  J  n  
a tomic  o rb i ta l  s  cen te red  i n  the  e lementa ry  ce l l  assoc ia ted  w i th  the  
l a t t i ce  vec to r  A  ba re - ion  co re  func t ion  symmet ry -adap ted  to  the  
g roup  o f  the  k -vec to r  i s  fo rmed f rom a  l i near  comb ina t ion  o f  the  t rans ­
la t ion  symmet ry -adap ted  ba re - ion  co re  func t ions .  Le t  
9 -  =  (^TsS i "^2sS i^  " •  '  ^ TsMg( f ) "  ^  2 .3 .21  
be  a  row mat r i x  whose  componen ts  a re  t rans la t ion  symmet ry -adap ted  ba re -
ion  co re  func t ions .  Then ,  a  ba re - ion  co re  func t ion  wh ich  t rans fo rms  
accord ing  to  the  i r reduc ib le  rep resen ta t ion  a  o f  the  g roup  o f  the  
]< -vec to r  can  be  expressed  as  
= 0^ ctf 2.3.22a 
where  C—^ i s  a  co lumn mat r i x  whose  componen ts  a re  chosen  such  tha t  ^  
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i s  norma l i zed  and  has  the  p resc r ibed  t rans fo rmat ion  p roper t ies .  
P rev ious ly ,  the  s ing le  index  c  has  been  used  to  desc r ibe  a  symmet ry -
adap ted  ba re - ion  co re  func t ion ,  
• c  "  "Ss  '  2.3 .22b  
where  i t  i s  to  be  unders tood  tha t  the  s ing le  index  c  rep resen ts  the  
complex  o f  ind ices  on  in  Equat ion  2,3 .23.  
From the  de f in i t i on  o f  the  co re -co re  charge  dens i t y  mat r i x  
(Equa t ion  2 .3 .7a)  and  Equa t ions  2 .3 .22  i t  fo l l ows  tha t  
f cTc '  =  2 .3 .23a  
where  
Q . -M[K ] )  =  J  g -  F ( [K ] )  d r  .  2.3 .23b 
A t yp ica l  e lement  i n  the  mat r i x  Q,—^ ( [HD ' s  
2 .3 .24a  
where  s ince  over lap  be tween  ba re - ion  co re  o rb i ta l  s  on  d i f fe ren t  cen te rs  
i s  neg l ig ib le  th i s  may  be  wr i t ten  as  
4s , i t (0< ] )  •= N ; '  Js  F (0< ] )  5s , t  .  
The  sum o f  the  p roduc ts  o f  ba re - ion  co re  o rb i ta l s  i n  Equa t ion  2 .3 .24b  i s  
a  t rans la t ion  symmet ry -adap ted  func t ion  fo r  F  .  Since  F ( [ l< ] )  i s  a  space  
g roup  invar ian t  func t ion  on ly  those  par ts  o f  the  sum o f  p roduc ts  o f  
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bare - ion  co re  o rb i ta l s  wh ich  t rans fo rm accord ing  to  the  iden t i ca l  
rep resen ta t ion  o f  the  space  g roup  p roduce  non-zero  con t r ibu t ions  to  the  
i n teg ra l .  There fo re ,  a l l  Q, -mat r i x  e lements  i nvo lv ing  p roduc ts  o f  s  and  
p  a tomic  o rb i ta l s  o r  p roduc ts  o f  p^  and  p  ,  e tc . ,  a tomic  o rb i ta l s  a re  
ze ro .  The  non-zero  Q, -mat r i x  e lements  a re  f i na l l y  reduced  to  Four ie r  
t rans fo rms  o f  the  a tomic  o rb i ta l s ,  
Q.J3J I3  ( [K ] )  =  q ' - - ^  u^ .5  exp( iK - r_ )  d_r  ,  2 .3 .25  
where  q^—^ i s  a  phase  fac to r  and  the  u ' s  a re  e i the r  s  o r  p  func t ions .  
The  Four ie r  t rans fo rm in teg ra ls  a re  d iscussed  i n  the  append ix  (Sec t ion  
V I .2 .1 ) .  The  phase  fac to rs  qp^^  a re  l i s ted  in  Tab le  3 .  Any  K-vec to r  i n  
the  modu le  [ ]< ]  may  be  chosen  fo r  the  ca lcu la t ion  o f  the  Four ie r  t rans ­
fo rm o r  the  phase  fac to r .  
Tab le  3 -  Phase  fac to rs  i n  Q, -mat r i x  e lements  
P roduc t  func t ions  (s  o r  p )  
S i  -  S i  1  
Mg(+)  -Mg(+)  
Mg( - ) -Mg( - )  
Mg(+) -Mg( - )  -=!"(!<•%) 
Mg(- )  -Mg(+)  
The  co re -va lence  charge  dens i t y  mat r i x  (Equa t ion  2 .3 .7b)  may  be  
wr i t ten  w i th  the  a id  o f  Equa t ions  2 .3 .22  as  
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PcT'Z jk '  =  F( [K] )  SPW;a,k / )  .  2.3.26a 
S ince a SPW is  a  l inear  combinat ion o f  p lane waves,  
;PW!d jk '  =  2  b|^ ,  PW^J i+ l i ' )  J  2 .3 .27 
Equat ion 2 .3 .26a may be expressed as  
Z  b^ ,  (9^+,  F( [K] )  PW,k+K' )  2 .3 .26b 
where _k '  =  j<  +  l< ;  fo r  some ]< '  in  the sum o f  p lane waves.  
Cons ider  a  te rm in  the co lumn vector  ,  F( [ l< ] )  PWjk+K' ) j j  
(C js ,  F( [ l< ] )  PW.k+K' )  PU,k"  2 .3 .28 
where ]<"  =  '  .  The sca lar  product  in  the r igh t  member  o f  Equat ion 
2.3.28 may be wr i t ten  as 
J  PW^k")  =  (N Q,  )  exp( - ik -R )( " (? .  exp( ik " * r )  dr  j s  — ^or  n ^ r rJ^ js ,n  — 
or  s  i  nee Q,  =  N Q as I  o  o  
(9T\ ,  PW,k" )  =  n  exp( ik " . r )  d r  .  2.3.29 jb — O J S O — — 
Equat ion 2 .3 .29 is  jus t  an OPW or thogonal i ty  coef f ic ien t .  The OPW 
or thogonal i ty  coef f ic ien t  expressed as  the Four ier  t ransform o f  an 
a tomi  c  orb i  ta l  i s  
PWj l<" )  =  I ' ^ js^ -^  exp( i l ^ ' "x )  dx  2 .3 .3O  
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where f— is  a  phase fac tor  which does depend exp l ic i t l y  on the vector  
j<" .  The phase fac tors  which occur  in  OPW or thogonal i ty  coef f ic ien ts  are  
l i s ted in  Tab le  4 .  The Four ier  t ransform in tegra ls  which occur  in  
Equat ion 2 .3-30 are  d iscussed in  the appendix  (Sect ion VI .2 .1) .  The 
core-va lence charge dens i ty  mat r ix  e lements  are  obta ined by accumula t ing  
the sums o f  OPW or thogonal i ty  coef f ic ien ts  accord ing to  Equat ion 2 .3 .28 
and Equat ion 2 .3 .26a.  
Tab le  4 .  OPW or thogonal  Iza t ion  coef f ic ien t  phase fac tors  
Bare- ion Core Orb i ta l  f— 
S i  s  1 
S I  p 1  
Mg (+ )  s COs(k " .RMg)  
Mg(+ )  P COs(k " . ^g )  
Mg( - )  s s in f ky .R^g )  
Mg( - )  p s ln ( ky .RMg)  
Al though a  symmetry  reduct ion is  poss ib le  in  Equat ion 2 ,3 .26a the 
ca lcu la t ion  o f  the core-va lence charge dens i ty  mat r ix  e lements  was 
per formed as descr ibed above.  At  the  s tage in  the program where these 
quant i t ies  were ca lcu la ted i t  d id  not  seem adv isab le  to  take advantage 
o f  th is  poss ib i l i t y .  At  a l l  o ther  po in ts  in  the ca lcu la t ions where i t  
was rea l ized that  symmetry  cou ld  be used to  reduce the number  o f  terms 
that  had to  be hand led^  th is  symmetry  reduct ion was incorpora ted in to  
the ca lcu la t ion .  
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For  example ,  in  the ca lcu la t ion  o f  the va lence-va lence charge 
dens i ty  mat r ices  (Equat ion 2 .3 .7a )  the  fac t  tha t  a  symmetr ized p lane 
wave i s  def ined as 
SPW.a jk  =  Pg PW,k)  1 I  .3 .4 .5  
is  used to  express the va lence-va lence charge dens i ty  mat r ix  e lements  
as  
(SPW;a,k ,  F( [K])  SPW;a,k ' )  =  (PW,k,  F( [K1 )  SPW.;a ,k ' ) .  2 .3 .3I  
Th is  procedure was a lso  used to  reduce the number  o f  terms in  the 
va lence-va lence exchange mat r ix  e lements .  The in tegra ls  in  Equat ion 
2 .3 .31  have the form 
(PW,k,  PW,k ' )  =  • 2 .3 .32  
Thus,  the  prob lem o f  ca lcu la t ing  the va lence-va lence charge dens i ty  
mat r ices  is  reduced to  accumula t ing  a  se t  o f  Kronecker  de l ta  funct ions.  
The charge dens i ty  mat r ices  are  used to  ca lcu la te  the Four ier  
coef f ic ien ts  o f  the charge dens i ty  a t  each s tage in  the i te ra t ion  pro­
cedure.  Let  
'  SOPW;a ,kp  SOPV/ ja^k^  . . .  )  2 .3 .33  
be a row mat r ix  whose components  a re  the symmetry-adapted bas is  
funct ions.  A so lu t ion  o f  the ECM Har t ree-Fock prob lem may be expressed 
as 
.  =  b .  2 -3 -34  
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whrrg  b .  is  a  co lumn mat r ix  whose components  a re  the coef f ic ien ts  o f  the  
bas is  funct ions as determined by  a  Ray le igh-Ri tz  var ia t iona l  ca lcu la t ion ,  
I f  .  is  an e  i  genf  unct  ion  cor responding to  an occup ied s ing le-par t ic le  
s ta te ,  then the cont r ibu t ion  to  the charge dens i ty  i s  
i l f i  = bt p-^ bi 2.3.35 
where 
2 .3 .36 
is  the charge dens i ty  mat r ix  fo r  the symmetry  spec ies  des ignated by  ka.  
The cont r ibu t ions to  the charge dens i ty  o f  the c rys ta l  must  a lso  
inc lude cont r ibu t ions f rom e igenfunct  ions  !  which are  re la ted to  
by a  space group t ransformat ion.  A rec ipe fo r  ca lcu la t ing  the Four ier  
coef f ic ien ts  o f  the charge dens i ty  in  the c rys ta l  f rom symmetry-adapted 
e igenfunct ions is  g iven in  Sect ion i i .3 .1 .  By spec ia l iz ing  Equat ion 
11.3 .1 .15 to  the case o f  a  symmorph ic  space group we obta in  the resu l t  
p [Ka]  =  Z p [^ f ] ( [K ] )  F( [K] )  2 .3 .37 
[HI 
where P^—is  the symmetry- invar iant  charge dens i ty  assoc ia ted w i th  
symmetry  spec ies  ka and 
P (Q i ] )  =  M,  d  
Ql  
In  Equat ion 2 .3 .38 M. equa ls  the  number  o f  inequ iva lent  k -vectors  which 
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are re la ted to  _k by  space group t ransformat ions and d^  equa ls  the 
degeneracy o f  the i r reduc ib le  representa t ion  a .  
The main  ca lcu la t ion  cons is ts  o f  two preparatory  s tages and a  • 
f i na l  s tage.  The programs fo r  these ca lcu la t ions have been wr i t ten  in  
Autocoder .  In  preparat ion  fo r  the f ina l  s tage o f  ca lcu la t ions the 
charge dens i ty  mat r ices  are  ca lcu la ted and assembled on a  tape.  The 
va lence-va lence exchange supermat r ix  e lements  are  ca lcu la ted and 
assembled on a  tape.  For  an ECM ca lcu la t ion  wi th  fu l l  va lence-va lence 
exchange the preparat ion  t ime is  about  15 hours  on the IBM 7074.  Th is  
ca lcu la t ion  t ime cou ld  have been reduced substant ia l ly  had there  been 
an add i t iona l  20,000 words o f  d i rec t  access s torage ava i lab le .  
In  the f ina l  s tage o f  ca lcu la t ion  the mat r ix  e lements  fo r  each 
symmetry  spec ies  are  assembled f rom the appropr ia te  charge dens i ty  
mat r ices  and va lence-va lence exchange supermat r ix  e lements .  The resu l t ­
ing  e igenva lue prob lem is  t reated as descr ibed in  Sect ion 11.3 .2 .  The 
cont r ibu t ions to  the potent ia l  f rom the charge dens i ty  due to  the 
occup ied e igenfunct ions are  ca lcu la ted and accumula ted.  Th is  process 
is  repeated fo r  t l ie  se lec ted sampl ing o f  symmetry  spec ies .  Then,  an 
improved d i rec t  potent ia l  i s  ca lcu la ted and the ent i re  procedure is  
repeated.  About  5  minutes  i s  requ i red fo r  each i te ra t ion .  
A l l  tape operat ions which occur  in  the assembly  sec t ion  o f  the 
i te ra t ion  procedure are  buf fered.  Th is  means tha t  in format ion which is  
needed in  a subsequent  s tep in  the ca lcu la t ion  is  be ing read in to  
s torage a t  the same t ime that  the mat r ix  e lements  are  be ing assembled» 
In  th is  way ca lcu la t ion  t ime is  substant ia l ly  reduced.  
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111.3  Resu l ts  From the Mg^Si  Ca lcu la t ions 
SECM: The resu l ts  f rom the SECM ca lcu la t ions are  ind ica ted in  
F igure  7 .  In  the SECM exchange cont r ibu t ions are  neg l ig ib le .  The 
mat r ix  e lements  are  ca lcu la ted in  the manner  descr ibed in  Sect ion 111.2 .3  
except  tha t  exchange cont r ibu t ions are  omi t ted in  a l l  phases o f  ca lcu la­
t ion .  The i te ra t ion  procedure was te rminated when the e igenva lues and 
Four ier  coef f ic ien ts  o f  the potent ia l  were observed fo r  success ive 
i te ra t ions to  change by  less  than .002 Ry.  Both  the ECM and SECM 
ca lcu la t ions were based on a  d iv is ion o f  charge in to  va lence e lec t rons 
and ions.  Each ion  s  w i th  nuc lear  charge inc luded core  e lec t rons,  
Z '  nuc lear  charges and =  Z -  Z '  res idua l  nuc lear  charges.  In  the 
s  ^  s  s  s  
SECM ca lcu la t ions the on ly  approx imat ion o f  any consequence cons is ted o f  
rep lac ing the potent ia l  o f  a l l  the res idua l  nuc lear  charges by  a  cou lomb 
potent ia l  and a  Madelung sh i f t  near  any one nuc lear  s i te  (Equat ion 2 .1 .5) .  
The sens i t i v i ty  o f  the  va lence and low- ly ing conduct ion leve ls  to  
smal l  sh i f ts  o f  the  bare- ion core  energ ies  was s tud ied.  For  sh i f ts  o f  
a l l  the core  energ ies  o f  .1  Ry.  the  va lence leve ls  were changed by  less  
than .01 Ry.  The conduct ion leve l  wh ich was most  respons ive to  the core  
sh i f ts  was the  low- ly ing X leve l .  A sh i f t  o f  .1  Ry.  fo r  the core  leve ls  
produced a  sh i f t  in  the X leve l  o f  .05 Ry.  Th is  sens i t i v i ty  can be 
unders tood as fo l lows.  The core  energ ies  enter  the va lence ca lcu la t ion  
(Equat ion 2 .3 .5a)  as  a  fac tor  on the product  o f  two SOPW or thogonal iza-
t ion  coef f ic ien ts ,  i f  the core  energy is  low,  the SOPW or thogonal iza t ion  
is  smal l .  The la rgest  cont r ibu t ion  to  the mat r ix  e lements  i s  genera l ly  
f rom terms invo lv ing the h ighest  core  e igenva lues s ince the product  o f  
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SOPW or thogonal iza t ion  coef f ic ien ts  is  then re la t ive ly  la rge.  Thus,  a  
smal l  change in  the e igenva lue may produce a  s ign i f i cant  change in  the 
mat r ix  e lement .  However ,  to  es t imate  the re la t ive  cont r ibu t ions to  the 
mat r ix  e lements  one must  compare s  funct ions wi th  s  funct ions and p  
funct ions w i th  p  funct ions.  The e f fec t  on the  mat r ix  a lcmcnts  due to  
a  smal l  change in  a  Is  core  e igenva lue is  rough ly  the same as  the 
cor responding change in  a 2p core  e igenva lue.  The SPVis  i n  X are  
or thogonal  ized to  Mg'^  s  funct ions (Tab le  2 ) .  S ince the h ighest  s  core  
e igenva lue cor responds to  a  Mg 2s  func t ion ,  i t  is  not  surpr is ing that  
i s  sens i t ive  to  smal l  sh i f ts  in  the core  e igenva lues.  Now,  the  SPWs 
in  the va lence funct ion  are  a lso  or thogonal ized to  Mg s  funct ions,  
i t  is  necessary  to  look a  l i t t le  deeper  to  unders tand why the X^,  
va lence leve l  i s  not  equa l ly  sens i t ive  to  core  sh i f ts .  The d i f fe rence 
is  that  the X^,  SPWs are  or thogonal ized to  Mg s  funct ions (Tab le  2 ) .  
An examinat ion o f  the or thogonal iza t ion  coef f ic ien t  phase fac tors  
(Tab le  4)  revea ls  tha t  the phase fac tors  fo r  the lead ing terms in  the 
SOPW expans ions fo r  X^ and X^,  a re  1 ,1 ,0  and 1 ,0 ,1 ,  respect ive ly .  Th is  
must  account  fo r  the X leve l  chang ing by  .05 Ry.  wh i le  the X^,  leve l  
on ly  changed by  .01 Ry.  when the core  leve ls  were sh i f ted  by .1  Ry.  
The change in  the S i  2p e igenva lue a lmost  cer ta in ly  is  a  minor  e f fec t  
on the X^,  1 eve I .  
In  the f i rs t  SECM ca lcu la t ion  the Four ier  coef f ic ien ts  o f  the  
va lence charge dens i ty  were obta ined fo r  an 8  po in t  sampl ing o f  the 
Br i l lou in  zone.  Essent ia l ly  the same resu l ts  were obta ined fo r  the F ,  
X and L  leve ls  and the se l f -cons is tent  d i rec t  potent ia l  when the 
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ca lcu la t ions was ex tended to  inc lude a sample  o f  64 po in ts  in  the 
Br i l lou in  zone.  In  the 64 po in t  sample  severa l  po in ts  o f  very  low 
symmetry  were inc luded in  the sample .  We conc lude that  a t  least  fo r  
the d i rec t  potent ia l  an 8  po in t  sampl ing o f  the  Br i l lou in  zone prov ides 
an adequate  descr ip t ion  o f  the charge dens i ty .  
ECM: In  F igure  8  the resu l ts  o f  the  ECM ca lcu la t ions are  
ind ica ted.  The sampl ing o f  the  Br i l lou in  zone was res t r ic ted to  the 8 
po in ts  equ iva lent  to  T,  X and L .  The mat r ix  e lements  were ca lcu la ted 
exact ly  as  descr ibed in  Sect ion 111.3  .  
The shape o f  the  low- ly ing conduct ion leve ls  is  qua l i ta t ive ly  the 
same as  the  cor responding SECM leve ls .  However ,  the  va lence bands are  
substant ia l ly  d i f fe rent  in  the ECM ca lcu la t ion  than in  the SECM. The 
top  o f  the va lence band pred ic ted by the ECM i s  a t  L .  A lso ,  the X^,  
and X^,  va lence leve ls  have been in terchanged.  S ince these resu l ts  
are  somewhat  d isconcer t ing  we w i l l  recons ider  the approx imat ions which 
were made in  forming the ECM mat r ix  e lements ,  i t  seems un l ike ly  that  a  
more deta i led  sample  o f  the  Br i l lou in  zone w i l l  change the resu l ts .  
We f i rs t  cons ider  the  Madelung sh i f t  approx imat ion.  Severa l  o f  
the  leve ls  are  ex t remely  sens i t ive  to  smal l  sh i f ts  o f  the core  leve ls .  
! f  a l l  core  leve ls  are  sh i f ted  by .05 Ry. ,  the  low- ly ing va lence band 
(L^-P^-X^)  i s  ra ised by .07 Ry.  and the X conduct ion leve l  i s  lowered 
by  .05 Ry.  Smal le r  sh i f ts  are  observed in  the o ther  leve ls .  
The s t range appearance o f  the  va lence band i s  caused by  the va lence 
exchange cont r ibu t ions to  the mat r ix  e lements .  I f  va lence exchange is  
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removed,  the  shape o f  the bands i s  qua l i ta t ive ly  the same as  the SECM 
bands,  but  the conduct ion band drops in to  the va lence band.  I f ,  as 
suggested by  the work  o f  Ph i l l ips  and K le inman (1962)  on S i ,  the 
va lence exchange cont r ibu t ions are  reduced by  a  fac tor  o f  the order  1 /3 ,  
the  shape o f  the bands i s  much the same as  the SECM bands,  but  the X_ 
conduct ion leve l  l ies  .07 Ry.  be low the top o f  the  va lence band.  
In  forming the mat r ix  e lements  th ree approx imat ions were made wh ich 
invo lved the in terac t ion  o f  the va lence exchange operator  w i th  core  
funct ions.  I t  was hoped tha t  the main  e f fec t  o f  the  approx imat ions 
would  be to  neg lec t  a  smal l  sh i f t  o f  the  core  e igenva lues.  
From the fac t  that  most  o f  the  va lence charge dens i ty  is  concent ra ted 
near  S i  s i tes ,  i t  appears  l i ke ly  that  the core  leve ls  which are  most  
a f fec ted by the va lence exchange are  the S i  core  leve ls .  An es t imate  o f  
the  sh i f t  in  the S i  core  leve ls  was obta ined by ca lcu la t ing  the exchange 
-k 
cont r ibu t ion  to  the core  e igenva lues in  the S i  ion .  Th is  turned out  
to  be a  un i fo rm sh i f t  o f  about  .8  Ry.  Such a  sh i f t  on the S i  core  leve ls  
produced a lmost  no change in  the shape or  pos i t ion  o f  the bands.  S i  core  
sh i f ts  are  much less  c r i t i ca l  than Mg core  sh i f ts  as d iscussed on page 93» 
The neg lec t  o f  va lence exchange in  those terms o f  the va lence-
va lence mat r ix  e lements  which invo lve core  funct ions may be o f  ser ious 
consequence.  The approx imat ion in  which va lence e igenfunct ions in  the 
va lence exchange operator  are  expanded in  SPWs i s  observed to  be a  good 
one,  a t  least  as  measured by  the cont r ibu t ion  o f  the core  par ts  o f  the 
SOPWs to  the normal iza t ion .  In  the ECM ca lcu la t ion  o f  va lence exchange 
the SPW approx imat ion to  a va lence funct ion  was formed by  cor rec t ing  the 
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SOPW expans ion coef f ic ien ts  fo r  the core  cont r ibu t ions in  the SOPW 
expans ion.  These cor rec t ions were observed to  be smal l .  However ,  in  
va lence exchange mat r ix  e lements  w i th  ind iv idua l  SOPWs i t  is  not  
ev ident  tha t  the terms which invo lve core  funct ions w i l l  be neg l ig ib le .  
The dominant  par t  o f  the  mat r ix  e lement  i s  the term which we have 
inc luded (Equat ion 2 .3 .5b) .  However ,  the  core  terms may reduce th is  
by  as  much as  10 or  even 20 percent .  To obta in  an es t imate  o f  th is  
e f fec t  a l l  the va lence exchange cont r ibu t ions were reduced by  20 percent .  
Th is  reduct ion was enough to  ra ise  the leve l  to  the top o f  the  
va lence band.  A l though the X^,  and leve ls  were not  in terchanged 
they have been pu l led  together .  The resu l ts  o f  th is  exper iment  a re  
ind ica ted in  F igure  9» 
i t  appears  l i ke ly  that  an improved t reatment  o f  va lence exchange 
would  remove the d is turb ing features  o f  the ECM Har t ree-Fock bands.  
However ,  th is  is  v i r tua l ly  imposs ib le  w i th in  the present  fo rmula t ion ,  
s ince the terms which have been omi t ted invo lve an immense number  o f  
d i f f i cu l t  in tegra ls .  
CECM :  In  v iew o f  the  sens i t iv i ty  o f  the ECM Har t ree-Fock 
ca lcu la t ions to  the core  energ ies  a ca lcu la t ion  based on the CECM 
Har t ree-Fock 1PM d id  not  seem adv isab le .  A l though the va lence exchange 
cont r ibu t ions would  be reduced in  th is  model ,  i t  appears  to  be essent ia l  
to  ca lcu la te  the core  funct ions and e igenva lues accura te ly .  The compl i ­
ca ted form o f  the CECM cou lomb in terac t ion  (Equat ion 11.2 .3 .2)  in  the 
core  exchange operator  makes an accura te  ca lcu la t ion  proh ib i t i ve .  
99 
.75 
.50 
LU 
.25  
r L X 
Fig .  9  Energy bands fo r  Mg.Si  based on a  
modi f ied  ECM 
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I  i l .4  Compar ison  v / i th  Exper iments  
On the  bas is  o f  p iezores is  tance  measurements  o f  n - type  Mg S i  
Whi t ten  (  i  L 'C ' : )  p red ic ted  tha t  the  min imum in  the  conduc t ion  band i s  
in  thz  ( ICO)  d i rec t ionSo Both  the  SECM and ECH bands  a re  in  complo te  
agreemen 'L  i  th  th is  p red ic t ion .  
Exper imenta l  de te rmina t ions  o f  the  energy  c ,ap  have  been d iscussed 
by  S te l la  ( Igu- r ) .  The exper iments  p red ic t  caps  rang ing  f rom .60  ev  to  
„77  ev  a t  i5°A.  These energ ies  a re  obza ined f rom var ious  processes  a l l  
be l ieved -c .  be  due to  an  ind i rec t  (phor .on  ass is ted)  t rans i t ion .  
Ref lec t i v i t y  measurements  by  Sccu le r '  ind ica ted  tha t  the  d i rec t  gap 
occurs  a t  2 .1  ev .  
The S EC. ' I  ca lcu la t ions  y ie ld  an  ind i rec t  gap cor respond ing  to  a  
t rans i t ion  f rom p j  r  to  X. , ,  Houcver ,  the  SECM gap i s  1 .40  ev  wh ich  
d i f fe rs  by  about  a  fac to r  2  f rom the  exper imenta l  resu l ts .  The SECM 
d i rec t  gap a t  F  and L  i s  about  2 .8  ev  and a t  X i s  2 .5  ev .  A core  sh i f t  
o f  J  Ry.  o r ings  the  X^  leve l  dov :n  by  .0^  Ry ,  w i thou t  chang ing  the  top  
o f  tne  va lence band apprec iab ly .  Th is  change pu ts  the  d i rec t  and ind i rec  
gaps  in  approx imate  agreement  w i th  exper iment^  bu t  the  d i rec t  gap occurs  
a t  X be tween the  X^ .  and  X. ,  l eve ls .  However^  such  a  sh i f t  can  no t  be  
J  U S ' :  i  f  i  ed except  by  t rea t ing  the  po ten t ia l  due to  the  d is tan t  ions  o r  the  
core  e lec tons  In  the  bare- ion  mode l  exac t l y  ins tead o f  approx imat ing  the  
e f fec t  by  a  Made 1 ung  sh i f t .  
In  Tab le  5  a  re  l i s ted  a  se lec ted  sample  o f  op t i ca l  t rans i t ion  
's ' cou le r .  V/ .  J . , .  L inco ln  Laborator ies ,  Lex ing ton ,  Massachuset ts .  
Re f lec t i v i t y  da ta .  Pr iva te  communica t ion .  1965.  
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energ ies  based on the SECM ca lcu la t ions.  in  the f i rs t  co lumn o f  energ ies  
the unmodi f ied  SECM resu l ts  are  presented.  In  the second and th i rd  
co lumns a l l  the core  energ ies  have been sh i f ted  by .1  Ry.  and .15 Ry. ,  
respect ive ly .  
Tab le  5 .  Opt ica l  t rans i t ion  energ ies  fo r  Mg.Si  based on the SECM 
Trans i t ion  Energ i  es 
(core  sh i f t=0)  
Energ i  es 
(core  sh i f t= . l )  
Energ i  es 
( c o r e  s h i f t  . 1 5 )  
^ 1 5  - ^ 1  2.84 2.38 2.113 
^ 1 5  ^ 2 5 '  6 .07 6 .04 6 .04 
2 .50 1 .97 1 . 3 6  
X
 
1 LT
v X
 6.54 6 .54 6 .48 
S '  "  H  2.72 2 .28 2.03 
S' ' ""3 6 .94 6 .94 6.96 
r \5  -  *3  1 .40 .89 .60  
!n  v iew o f  the inadequate  t reatment  o f  the  va lence exchange mat r ix  
e lements  no fu r ther  d iscuss ion o f  the ECM resu l ts  w i l l  be made.  
Qua l i ta t ive ly ,  the features  o f  ECM Har t ree-Fock bands are  in  agreement  
w i th  exper iment ;  bu t  the  deta i led  features  o f  the bands are  probab ly  
wrong.  
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IV .  DISCUSSION AND CONCLUSIONS 
In  mak ing  the  Har t ree-Fock  approx imat ion  to  the  many-e lec t ron  
prob lem fo r  a  c rys ta l  i t  i s  hoped tha t  the  essent ia l  fea tu res  o f  the  
mpny-p lsc t ron  sys tem are  re ta ined.  !n  Sec t ion  ! . l  i t  was RUogeKt ' ^s  
tha t  th is  migh t  no t  be  the  case .  S ince  a l l  1PMs a re  in  some sense based 
on  the  Har t ree-Fock  IPM,  i t  is  impor tan t  tha t  bo th  the  capab i l i t i es  and 
l im i ta t ions  o f  the  Har t ree-Fock  IPM be  unders tood.  For  th is  reason we 
have a t tempted  to  ca lcu la te  the  Har t ree-Fock  e lec t ron  energy  bands  fo r  
Mg^Si  as  accura te ly  and w i th  as  few approx imat ions  as  p rac t i ca l  cons idera­
t ions  a l lowed.  
In  the  usua l  fo rmu la t ions  o f  band ca lcu la t ions  the  c rys ta l  po ten t ia l  
inc lud ing  an approx imat ion  fo r  the  exchange opera to r  cons is ts  o f  
spher ica l l y  symmet r ic  po ten t ia ls  cen tered  about  the  nuc lear  s i tes .  From 
these  resu l ts  i t  i s  imposs ib le  to  de termine  the  l im i ta t ions  o f  the  
Har t ree-Fock  1PM s ince  i t  i s  no t  a t  a l l  c lear  w i th  what  accuracy exchange 
e f fec ts  have been approx imated» On the  bas is  o f  h is  ca lcu la t ions  on  S i  
and Ge j  Herman^  c la ims tha t  i t  may be  essent ia l  to  re ta in  the  
2 
^ -dependence o f  the  Har t ree-Fock  exchange opera to r  in  the  1PM i f  band 
ca lcu la t ions  are  to  p rov ide  de ta i led  agreement  w i th  exper iment .  
To  our  knowledge the  on ly  ca lcu la t ions  wh ich  have a t tempted  to  
inc lude a  rea l i s t i c  Har t ree-Fock  exchange opera to r  a re  those  o f  Ph i l l i ps  
^Herman,  F . ;  unpub l i shed paper  p resented  a t  the  "March"  meet ing  o f  
the  Amer ican  Phys ica l  Soc ie ty ,  Kansas  C i ty ,  M issour i ,  1965.  
2 
The te rm "  ^ . -dependence"  re fe rs  to  the  fac t  tha t  the  fo rm o f  the  
Har t ree-Fock  exchange opera to r  depends  on  the  func t ion  on  wh ich  i t  
opera tes .  
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and K le inman (1962)  on S i .  However ,  fo r  the reasons ind ica ted in  Sect ion 
I  1.3 .5  we are  unab le  to  accept  the i r  resu l ts  as  conc lus ive  ev idence fo r  
the fa i lu re  o f  the Har t ree-Fock iPM.  In  Sect ion I I  1 .3  we have a t t r ibu ted 
the unsat is fac tory  appearance o f  the ECM Har t ree-Fock bands in  our  
resu l ts  as be ing la rge ly  due to  the neg lec t  o f  or thogona1izat ion  terms 
in  the va lence exchange cont r ibu t ions to  the va lence-va lence mat r ix  
e lements .  Th is  approx imat ion was a lso  made by  Ph i l l ips  and K le inman.  
However^  as  was noted in  Sect ion I I I . ]  i t  is  hope less ,  a t  least  a t  
present ,  to  take these neg lec ted quant i t ies  accura te ly  in to  account .  
Cer ta in ly  before  an a t tempt  in  th is  d i rec t ion  is  made,  a l te rnat ive  
formula t ions o f  the prob lem shou ld  be cons idered.  
An a l te rnat ive  formula t ion  o f  the prob lem a long l ines  s imi la r  to  
those descr ibed in  Sect ion 111.2  might  be as  fo l lows.  The bas is  se t  
we have used cons is ted o f  bare- ion funct ions augmented by  SOPWs.  An 
a l te rnat ive  bas is  se t  which shou ld  prov ide an equa l ly  good descr ip t ion  
o f  the va lence and core  funct ions can be formed f rom the bare- ion core  
funct ions augmented by  SPV/s .  As in  the case o f  the SOPW fo rmula t ion  i t  
is  essent ia l  tha t  the va lence funct ions be adequate ly  represented by 
the  SPW bas is  se t .  The SOPW resu l ts  ind ica te  that  th is  is  l i ke ly  to  be 
the case w i th  a  prac t icab le  number  o f  SPWs.  A l though the d i f f i cu l t  
va lence exchange mat r ix  e lements  invo lv ing core  funct ions are  not  
e l iminated in  th is  formula t ion  the number  o f  them which occur  i s  
substant ia l ly  reduced.  
The ECM i s  in  no sense a  rad ica l  depar ture  f rom the t rad i t iona l  
Har t ree-Fock formula t ion  o f  an IPW. For  most  purposes i t  is  equ iva lent  
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to  the usua l  fo rmula t ion  o f  the prob lem.  Only  when the  bas is  se t  invo lves 
p lane waves does the prob lem which i s  so lved by  the ECM ar ise .  Th is  has 
come to  be ca l led  the prob lem o f  V ,  where V represents  the k=0 
ooo ooo 
coef f ic ien t  in  a  Four ier  expans ion o f  the potent ia l .  H is tor ica l ly ,  th is  
prob lem has two aspects .  
F i rs t ,  in  the ear ly  ca lcu la t ions o f  bands in  c rys ta ls  w i th  p lane 
waves o r  OPWs (e .g .  see Herman,  1964) ,  no a t tempt  was made to  do the 
ca lcu la t ion  se l f -cons is tent  1 y .  A potent ia l  was fo rmed f rom a super ­
pos i t ion  o f  the a tomic  potent ia ls  fo r  the const i tuent  a toms in  the 
c rys ta l .  Then,  the  OPWs were formed fo r  the va lence ca lcu la t ion  f rom 
the core  a tomic  funct ions and p lane waves,  and the core  a tomic  e igen­
va lues were used in  ca lcu la t ing  the mat r ix  e lements .  However ,  in  genera l  
the  a tomic  potent ia ls  over lap apprec iab ly .  The potent ia l  near  any 
nuc leus is  sh i f ted  by the ta i ls  o f  potent ia ls  ar is ing f rom ne ighbor ing 
a toms.  Consequent ly ,  the  zero  o f  the core  energy is  sh i f ted .  Th is  
sh i f t  has been ca l led  V .  A var ia t ion  on th is  aspect  o f  the  prob lem 
ooo 
ar ises  when a t tempts  are  made to  reca lcu la te  the c rys ta l  potent ia l  f rom 
the C?V/  expans ion o f  the va lence e igenfunct ions.  in  th is  case the 
representa t ion  o f  the potent ia l  as  a  superpos i t ion  o f  a tomic  potent ia ls  
breaks down.  The nuc lear  charges are  not  as  e f fec t ive ly  screened by  the 
va lence e lec t rons as is  the case in  a toms.  Th is  aspect  o f  V i s  
ooo 
t reated in  our  ca lcu la t ions by approx imat ing the potent ia l  due to  
d is tant  ions on core  e lec t rons by a  Madelung sh i f t .  
The second aspect  o f  the prob lem o f  V entered our  ca lcu la t ions 
^  ooo 
in  the t reatment  o f  va lence exchange mat r ix  e lements  w i th  p lane waves.  
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I f  the t rad i t iona l  fo rmula t ion  o f  the Har t ree-Fock 1PM is  used,  some 
mat r ix  e lements  d iverge.  In  the ECM the cou lomb in terac t ion  has been 
t reated cons is tent ly  and unambiguous ly  a t  a l l  phases o f  ca lcu la t ion .  
A band ca lcu la t ion  has been per formed by  Lee (1964)  on Mg^Si  and 
MggGe.  in  h is  ca lcu la t ion  Lee superposed the pseudopotent ia ls  o f  Mg 
and S i  and o f  i -4g and Ge obta ined f rom independent  ca lcu la t ions on the 
e lementa l  so l ids j  in  the hope that  th is  s imple  approach might  lead to  
reasonable  bands fo r  the compounds.  The shape o f  the  va lence bands 
ca lcu la ted by Lee i s  about  the  same as  the  shape obta ined in  the SECM 
ca lcu la t ions.  However^  the  conduct ion bands bear  l i t t le  resemblance 
to  the SECM bands.  In  v iew o f  the ad hoc scheme on which Lee 's  
ca lcu la t ion  is  based i t  appears  un l ike ly  that  h is  resu l ts  can be 
cor rec t .  We conc lude that  e i ther  the ca lcu la t ions are  in  er ror  or  the 
formula t ion  o f  the potent ia l  i s  not  va l id .  
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VI .  APPENDICES 
V l . l  Append ix  A .  Fac to r iza t ion  o f  Pro jec t ion  Opera to rs  
Mel  v in  (1956)  d iscusses  a t  leng th  methods  fo r  f ind ing  fac to red  
p ro jec t ion  opera to rs  fo r  f in i te  po in t  g roups .  The bas ic  idea  i s  most  
eas i l y  expressed by  an  example .  
Pro jec t ion  opera to rs  were de f ined  by  Equat ion  11 .1 .2 .13 ,  
Pm -  9 ,  11 .1 .2 .13  
where  i s  a  d iagona l  e lement  o f  the  n  by  n  mat r i x  representa t i ve  
mm ^  a  a  
o f  the  i r reduc ib le  representa t ion  a .  The sum o f  g  inc ludes  a l l  G°  
e lements  o f  the  group.  The number  o f  te rms in  th is  sum may be  la rge .  
!n  th is  case i t  i s  no t  conven ien t  to  use  the  p ro jec t ion  opera to rs  in  
the  fo rm o f  Equat ion  11 .1  < ,2 .13 .  By  fac to r ing  the  p ro jec t ion  opera to r  
the  number  o f  te rms tha t  must  be  hand led  i s  reduced.  
Cons ider  the  group o f  the  _k-vec to r  fo r  a  po in t  on  A .  The 
charac te rs  o f  the  smal l  representa t ion  o f  A a re  g iven  in  Tab le  6 .  The 
no ta t ion  and language i s  tha t  o f  Bouckaer t  (1936) .  
In  fo rming  the  fac to red  p ro jec t ion  opera to rs  v ie  seek  to  express  a l l  
p ro jec t ion  opera to rs  in  te rms o f  a  m in ima l  number  o f  opera to rs  o f  the  
group.  Each o rder  o f  degeneracy  must  be  hand led  separa te ly .  We f i r s t  
seek  a  fac to r  wh ich  d is t ingu ishes  the  one and two-d imens iona l  i r reduc ib le  
2  
representa t ions .  Such a  fac to r  must  be  (E-^C^^J  fo r  the  one-d imens iona l  
2  
representa t ions  and (E-C^^)  fo r  the  two d imens iona l  representa t ions .  We 
nex t  seek  a  fac to r  wh ich  d is t ingu ishes  the  A^ f rom the  Ap i r reduc ib le  
m 
representa t ions .  Such a  fac to r  i s  (E  C,, fo r  the  A J and (E -
fo r  the  Ap i r reduc ib le  representa t ions .  :  n  th is  way we can  immedia te ly  
wr i te  down the  fo l low ing  pro jec t ion  operators  fo r  the  one-d imens iona l  
i r reduc ib le  representa t ions :  
II <3 C
L (E  +  (E s 
(E  4  4)  (E -
(£  +  4) - 'k-J Î '  - s 
•A, r  
(E H- V) - •'iJ 
l ab le  6, Charac te rs  o f  the  smal l  representa t ions  o f  A 
i  r reduc ib le  
Representa t  i  on  
À 
E JC ~ JC^ 
1 1 1 1 1 
1 1 -1 1 -1 
^21 1 1 -1 -1 1 
^1 '  
1 1 1 - I  -1 
Ar  P 2 -2 0 0 0 
To ob ta- in  the  p ro jec t ion  opera to rs  fo r  the  two-d imens iona l  
representa t ion  a  mat r i x  representa t ion  o f  the  group i s  needed.  S ince  
the  procedures  a re  the  same as  in  the  one-d imens iona l  case  we w i l l  no t  
descr ibe  th is  in  de ta i l .  However ,  i t  i s  ev ident  tha t  a  jud ic ious  cho ice  
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of  the degenerate  representa t ions may s impl i fy  the pro jec t ion  operators. 
ThuS;  a  recipe fo r  obta in ing fac tored pro jec t ion  operators  is  as  
fo l lows.  F i rs t ,  f ind  fac tors  which d is t ingu ish the var ious orders  o f  
degeneracy f rom one another  by  an inspect ion o f  the character  tab le  fo r  
the group.  Then,  f ind  fac tors  that  d is t ingu ish the var ious i r reduc ib le  
representa t ions o f  the  same order  o f  degeneracy.  The las t  s tep 
requ i res  deta i led  knowledge o f  the i r reduc ib le  representa t ions o f  the  
group.  
V I . 2  Appendix  B.  In tegra ls  and in tegra l  Approx imat ions 
V i .2 .1  Four ier  t ransform in tegra ls  o f  S l ' -v ter  func t ions 
The two types o f  Four ier  t ransform in tegra ls  which occur  in  the 
Mg^Si  ca lcu la t ions are  
1 he Four ier  t ransform o f  the  p- funct ion  is  re la ted to  the Four ier  t rans­
form of  the s - funct ion  by 
2 ,1  . la  
and 
FT(k ja ;n jp . )  =  - i  fexpCik ' - r )  r^*^  exp( -ar )  x .  dr_ .  2.1.1b 
FT(k^a,n,p.) F1(k,a,n,s) . 2 . 1 . 2  
Bk; 
The Four ier  t ransof rm o f  the s - funct ion  is  
2 . 1 . 3  
F1 (k_ jan J s  )  =  (2n+ l  )  I  
(aZ +  kZ)  
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where i s  a  b inomia l  coef f ic ien t .  
V I .  2 .2  S i  nç j  1 ' "^ -center  cou lomb in tegra ls  
S ince the angu lar  in tegra t ions in  the a tomic  ca lcu la t ions can be 
dr>ne exact ly  the mat r ix  a lements  are  reducec to  in tegra ls  over  the 
rad ia l  funct ions.  in  the procedure which v.as  deve loped fo r  the a tomic  
ca lcu la t ions on ly  two types o f  in tegra ls  occur .  
The f i rs t  is  a s ing le-center  over lap in tégra  1 ,  
Ol (a jm)  =  i  exp( - -ar )  r "^  dr_ ,  2 .2 .1  
0 
where m i s  an in teger .  Thus,  
Oi (a jm)  =  m:  .  2.2 .2  
m-r l  
a  
The second type o f  In tegra l  i s  a  cou lomb in tegra l  o f  the  form 
=  J  expC-ar | )  [ '  expC-br^)  -
.  _  r f - ' )  d r ^  d r ,  2 , 2 . 3  
where m,  and m,  must  be greater  than or  equa l  co m.  Th is  in tegra l  w a s  
per formed in  a s t ra ight - fo rward manner .  Then,  the  fo l lowing reçus ion  
re la t ion  was deve loped to  fac i l i ta te  machine computa t ion :  
2.2. M-a 
CI (a  .b ;mpm,^ jm)  =  -  (m^-m) i  [C(m^_,mjO)  +  CURCm^-Hn^ b / ( a + b ) ) ] j  
where 
2 . 2 . 4 b  
CUR(s jy )  =  (n i^+m^-s- ; - !  )  y  [C(m2jm;m2^m-s+ l )  +  CUR(s- l j y ) ]  
and 
C (m^ ^ jOi j in^-Hn-s+ l  )  =  (m^- f iT .^ - l  )  i  -  (m^-m)  I  (m^+m+l -s) :  .  2.2 .4c  
(m^-m-s)1  
V I .2 .3  Core exchange w i th  p lane waves 
The core  exchange operator  is  g iven by Equat ion 11 [ .2 .1 .3 .  Mat r ix  
e lements  o f  the core  exchange operator  w i th  p lane waves have the form,  
(PW,k,  Acore  jexp( - ik ; r^ ) ; *g . (2)  H j2  '  
- jexpCik^ . r^XPjg . f l )  d r^dr^  +  2 cos[ (k -^ / ) .R^g]  -
. j 3xp( - ik ;r^XPjMg(2 )  "12  dr^dr^ l  .  2 .3 .  
Since the core  funct ions are  t igh t ly  bound we may rep lace H ^ ^  by  
2 / r ]2  .  
Let  J  
F(k)  =  Jexp( ik "_r )  (J  (_r )  d_r  2 .3 .2  
where we have dropped the subscr ip t  on j s  f rom the core  funct ion  .  
ThenJ w i th  the a id  o f  the  ident i ty .  
^  12 2  jdx  X ^  exp(  2^  ;  2*3.2  
(2it) 
and Equat ion 2 .3 .2  a typ ica l  fo rm o f  Equat ion 2 .3 .1  may be wr i t ten  as 
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fdx  X ^  F"  (k -x )  F (k ' -x )  .  
(2^)2  J  -  -  -  -  - 2.3.3 '  
We were  unab le  to  eva lua te  th is  in tegra l  w i th  the  Fs  as  Four ie r  
t rans fo rms o f  S la te r  func t ions .  The Fcu- .Mer  t rans fo rm o f  t f .e  core  
func t ions  was approx imated  by  a  l i near  combina t ion  o f  Gauss ians .  
where  0  (k")  i s  a  po lynomia l  i n  k  .  Since  F  may be  e i ther  an  s  o r  
p - func t ion j  bo th  poss ib i l i t i es  are  inc luded in  the  bracke ted  fac to r  in  
Equat ion  2.3 .4 .  The Four ie r  t rans fo rms were  approx imated  by  a  leas t  
squares  techn ique in  wh ich  bo th  exponents  and coe f f i c ien ts  were  var ied  
un t i l  no  fu r ther  decrease in  the  average leas t  squares  dev ia t ions  
occured .  A l though i t  v ias  espec ia l l y  d i f f i cu l t  to  approx imate  the  h igh  
Four ie r  coe f f i c ien ts  o f  the  Four ie r  t ranso f rm fo r  the  more  t igh t l y  
bound core  func t ions ,  i t  was fe l t  tha t  a  good approx imat ion  had been 
ob ta ined fo r  a l l  core  func t ions .  
in  te rms o f  Equat ion  2 .3 .4  
F(k)  % Z 0(^2)  exp( -b  k^)  (1)  ,  p-j 111 ill K 2 .3 .4  
? 
•  (  3  (kL) .  •  2 .3 .4  
in  i s  may be  rewr i t ten  as  
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S 
rn^ni 
)  exp( -b^k2 -b^ .k '^ )  .  
a°m'  
2 .3 .5a 
where 
(2 / J L)  J  dx X ^  exp( -bx^  2x 'K)  ,  2.3.5b 
h  =- h  - r  h  .  .  ynd l< 
m m '  — 
b  k  ^  b i  1< 
m— m' -
Equat ion 2 ,3 .5b becomes a f te r  
severa l  t ransformat ions^  
I  '  =  4(%/b)^ / "  Jq exp( l \^ t^ /b)  d t  2 .3 .6  
1 '  i s  re la ted to  the conf luent  hypergeor r .e t r ic  funct ion  (Bateman,  1953,  
S ince th is  in tegra l  i s  eva luated a  la rge number  o f  t imes in  the 
course o f  a  ca lcu la t ion  o f  core  exchange mat r ix  e lements  w i th  p lane 
waves j  i t  was necessary  to  deve lop h igh speed methods fo r  determin ing 
I ts  va lue.  By tabu la t ing  the funct ion  and in terpo la t ing  the va lue o f  
the  funct ion  by a  cent ra l  d i f fe rence techn ique we were ab le  to  reduce 
the ca lcu la t ion  t ime to  a  max imum o f  .5  ms per  in tegra l .  For tunate ly^  
wa were ab le  to  compare our  ca lcu la ted va lues to  a tab le  o f  the  funct ion  
prepared by Lohmander  (1958) .  The ca lcu la ted po in ts  compared to  8  
d ig i ts  and the in terpo la ted po in ts  to  4  d ig i ts .  
p .  248)  .  
4(%/b)T/2 ]F, ( ] /2 ;3 /2 ;K2/b)  2 .3 .7  
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Since the der iva t ives  in  Equat ion 2 .3 .5a make the  equat ions much 
more compl ica ted,  the  least  squares f i t t ing  procedure was b iased to  keep 
the power  o f  the po lynomia l  te rms in  Equat ion 2.3 .4  as smal l  as  
poss i  b Ie .  
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